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We propose Coadjoint Orbit FLIP (CO-FLIP), a high order accurate, structure

preserving fluid simulation method in the hybrid Eulerian-Lagrangian frame-

work. We start with a Hamiltonian formulation of the incompressible Euler

Equations, and then, using a local, explicit, and high order divergence free

interpolation, construct a modified Hamiltonian system that governs our dis-

crete Euler flow. The resulting discretization, when paired with a geometric

time integration scheme, is energy and circulation preserving (formally the

flow evolves on a coadjoint orbit) and is similar to the Fluid Implicit Particle

(FLIP) method. CO-FLIP enjoys multiple additional properties including that

the pressure projection is exact in the weak sense, and the particle-to-grid

transfer is an exact inverse of the grid-to-particle interpolation. The method

is demonstrated numerically with outstanding stability, energy, and Casimir

preservation. We show that the method produces benchmarks and turbulent

visual effects even at low grid resolutions.
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1 INTRODUCTION
Discretizing incompressible fluid dynamical systems has been a

central focus in the development of computational fluid dynamics

and fluid animations in computer graphics. The goal is to find a

computationally tractable finite dimensional analogue of the infinite

dimensional continuous fluid system that properly represents the

simulated measurements and visual phenomena. Among these fluid

phenomena, the one that has received considerable attention is

the conservation of vortices in fluids at low or zero viscosity. They

constitute the main visual elements in smoke visual effects as well as
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Fig. 1. Pyroclastic cloud simulated using our method (CO-FLIP). Note the
intricate vortical structures present on the plume despite the low simulation
grid resolution of 96× 192× 96. Inset: Image of volcano eruption fromMount
St. Helens, Washington, USA, on May 18th, 1980 (Photograph by Harris &
Ewing, Inc. [Public domain], via Wikimedia Commons).

ingredients in turbulent flows. This conservation of vortices, better

known as the circulation conservation, is, however, challenging to
reproduce accurately and stably after discretizations.

In this paper, we revisit the mathematical foundation of the vortex-

related conservation laws. Specifically, the theory involves describing

incompressible fluid dynamics using Lie algebras and Hamiltonian

formulations. The payoff of the theory is that it provides a concrete

characterization for the circulation conservation: “the circulation
state stays on a coadjoint orbit,” a proposition that will be explained

later (Section 4). We propose a discretization framework that satisfies

this proposition. It turns out the natural algorithm derived from the

framework is reminiscent of a Fluid Implicit Particles (FLIP) method

[Brackbill et al. 1988], a familiar method in the fluid simulation com-

munity in graphics. Our discrete fluid system is therefore referred

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.

https://doi.org/10.1145/3687970
https://doi.org/10.1145/3687970


270:2 • Mohammad Sina Nabizadeh, Ritoban Roy-Chowdhury, Hang Yin, Ravi Ramamoorthi, and Albert Chern

Table 1. Method acronyms used throughout the paper.

Method Reference Acronym

Polynomial Particle-in-Cell [Fu et al. 2017] PolyPIC

Fluid Implicit Particles [Brackbill et al. 1988] FLIP

Polynomial FLIP [Fei et al. 2021] PolyFLIP

Reflection [Zehnder et al. 2018] R

Covector Fluids [Nabizadeh et al. 2022] CF

Neural Flow Map [Deng et al. 2023] NFM

Coadjoint Orbit FLIP Our method CO-FLIP

P2G

Pressure
projection

Interpolate
pressure
force

Interpolate
velocity

G2P Advect
particles

Fig. 2. The classical FLIP method for simulating incompressible fluids.
Particles (top row) are moved, and their momentum updated, using a
background velocity field which is reconstructed from the pressure projection
of the transferred particle data to the grid (bottom row). The CO-FLIP
algorithmmodifies each stage: The particles move and their velocity covector
is transformed (i) using a point-wise div-free interpolation (ii) of grid velocity
data transferred from particles using the pseudoinverse of the div-free
interpolation (iii), and, further, Galerkin pressure projected (iv). This time
evolution is now a Hamiltonian ODE which we integrate geometrically (v).

to as Coadjoint Orbit Fluid Implicit Particles (CO-FLIP). Inheriting

from the mathematical properties of the Hamiltonian formulation

of fluid dynamics, CO-FLIP preserves energy and circulation even

on a low resolution grid. Despite such low resolutions, our method

produces intricate and fractal-shaped vortical structures (see Fig. 1).

In addition, CO-FLIP exhibits outstanding stability compared to

similar methods.

While the mathematical properties of CO-FLIP involve a deeper

study in geometric fluid mechanics, our CO-FLIP method can be

described using the familiar language of FLIP-based algorithms. See

Table 1 for a list of acronyms used throughout the text.

Quick Recall of the FLIP Method. FLIP [Brackbill et al. 1988] is one

of the family of Particle in Cell (PIC) [Harlow 1962] methods or

Material Point Methods (MPMs) [Sulsky et al. 1995]. They model

incompressible and inviscid fluids governed by the Euler equations

using a hybrid of Lagrangian and Eulerian coordinates. The fluid state

is given by the positions and velocities of a large number of particles.

There is also an auxiliary grid that discretizes the fluid domain.

A so-called particle-to-grid transfer (P2G) interpolates the particle

velocities to the grid as an Eulerian velocity field. This grid velocity

is typically stored in a Marker-And-Cell (MAC) staggered grid, with

fluxes annotated on the grid’s cell walls. The grid velocity data is

then pressure-projected (PP), via solving a central-difference Poisson

equation, to become a discrete divergence-free velocity field. The

divergence-free grid velocity is interpolated (grid-to-particle (G2P))
into a continuous velocity field over the fluid domain. The particle

positions are updated by flowing along this interpolated velocity

field, and the particle velocity is updated by the interpolated pressure

force computed in the pressure projection step. This concludes the

entire time step of the FLIP algorithm. See Fig. 2.

Popular cousin methods include the classical PIC and Affine-PIC

(APIC) [Jiang et al. 2015] methods. The classical PIC method replaces

the particle velocity by the G2P velocity at every time step. APIC is a

PIC method that additionally stores spatial gradients of velocities on

particles for better quality P2G and G2P. FLIP is more advantageous

to PIC or APIC as FLIP does not overwrite the particle velocity with

a lower-resolution grid velocity. Thus FLIP is seen as a long-time

method of characteristic, while PIC or APIC has their velocity state

limited to a grid resolution comparable to purely grid-based semi-

Lagrangian [Stam 1999] or finite volume methods [Mullen et al.

2009]. The downside of FLIP is that it has been observed to be more

unstable compared to PIC. Common implementations of FLIP blend

FLIP’s particle velocity with PIC or APIC velocity for stability.

Our CO-FLIP Method. From a numerical viewpoint, to obtain CO-

FLIP, we modify the FLIP method to satisfy the following properties.

See Fig. 2 for a summary of the modifications.

(i) The particle velocity is stored as a velocity covector [Nabizadeh
et al. 2022], also known as an impulse [Feng et al. 2022; Deng
et al. 2023]. As a particle position is updated by flowing along

a G2P velocity, its velocity covector is transformed by the

transpose of the G2P velocity gradient. As depicted in the inset,

vectors are thought of as arrows with magnitude and direction,

whereas covectors are taken as local level sets with magnitude

(its compactness) and direction (its orientation).

Velocity vectors Velocity covectors (impulse)

FLIP CO-FLIP

(ii) TheG2P interpolation ismimetic. That is, a discretely divergence-
free MAC-grid velocity will interpolate into a continuously

divergence-free vector field. This G2P interpolation is, therefore,

an embedding from the finite dimensional space of grid velocity

data into the infinite dimensional space of vector fields so that

the discrete divergence-free subspace maps into the continuous

divergence-free subspace. Using a specific usage of B-splines

[Buffa et al. 2010; Schroeder et al. 2022; Roy-Chowdhury et al.

2024], we have an explicit local interpolation scheme that is

mimetic and of arbitrarily high order. As shown in the inset,

this results in point-wise divergence-free interpolated velocity

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.
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fields for the CO-FLIP method; as opposed to the traditional

FLIP methods which show particle clumping.

Not divergence-free Divergence-free

FL
IP

C
O
-F
LI
P

Space of smooth
vector fields

Subspace of interpo-
lated vector fields

Particle velocity

CO-FLIP
grid velocity

Traditional
grid velocity

(iii) The P2G interpolation is de-

rived as the pseudoinverse of

the mimetic G2P interpolation

of (ii). If a particle velocity data

is assigned by an interpola-

tion from a grid velocity data,

its P2G interpolation exactly

reconstructs the grid velocity

data (P2G ◦ G2P is the identity

map on the space of grid ve-

locities). If the particle velocity

is not in the range of G2P, the

P2G operator orthogonally projects it on the image of G2P. In

particular, the order of accuracy of the interpolation is directly

governed by the B-spline order of (ii). There is no need for the

APIC or PolyPIC [Fu et al. 2017] technique to include additional

Taylor expansion modes on particles for improving the P2G

accuracy. As illustrated in the inset, this means we orthog-

onally project to the subspace of interpolated velocities. In

contrast, previous methods find a less accurate, non-orthogonal

projection.

Subspace of smooth
div-free vector fields

Subspace of interpo-
lated vector fields

Traditional
pressure projection

CO-FLIP
pressure projectionExact pressure

projection

(iv) The discrete pressure projec-

tion step over the grid is

Galerkin. Instead of solving the
simplified central difference

Poisson equation, we derive

the pressure projection respect-

ing the inner product structure

induced by the continuous 𝐿2

structure through the embed-

ding (ii). In particular, this pres-

sure projection is the exact 𝐿2
projection to the divergence-free

subspace of B-splines when it is mapped by the mimetic inter-

polation of (ii). Compared to traditional methods, this means

we have a high order pressure projection with minimal error

as demonstrated in the inset.

(v) The resulting time-evolution equation for the particles is a

Hamiltonian ODE, allowing us to employ structure preserving

geometric integrators.

Some of the above numerical ideas were known in the literature

but have not been integrated into fluid simulations in a practical

manner. In that regard, we highlight a few additional numerical

contributions.

• The divergence-free interpolation methods were recently

introduced to computer graphics. Unlike these recent tech-

niques requiring global linear solves [Chang et al. 2022; Lyu

et al. 2024], our mimetic interpolation (ii) is local and explicit

and does not require any linear solve.

• Pseudoinverse-based P2G (iii) discussed above is introduced

in the original MPM work of [Sulsky et al. 1995] but was

immediately simplified to the common PIC interpolations

through mass lumping. Existing work XPIC [Hammerquist

and Nairn 2017] and FMPM [Nairn and Hammerquist 2021]

attempts to better approximate the pseudoinverse-based P2G

through a truncated Neumann series. We show that the exact

pseudoinverse-based P2G can be computed efficiently by a

standard preconditioned conjugate gradient (PCG) solver.

• Structure-preserving time integrators [Mullen et al. 2009;

Pavlov et al. 2011; Azencot et al. 2014] for (v) are usually

implicit, involving expensive high-dimensional root finding

with Newton solves. We show that these implicit methods

can be bootstrapped from simple explicit integrators via a few

fixed point iterations.

In addition to commonly tested fluid simulation benchmarks, we

demonstrate the following conservation laws quantitatively. Some of

these conservation laws have rarely been tested in previous numeri-

cal work. In addition to energy, momentum, and angular momentum

conservation, in 2D

∬
(curl ®𝑢)𝑘𝑑𝐴 for every 𝑘 = 1, 2, 3, . . . is con-

served under the Euler equation. In 3D, the helicity

∭
®𝑢 · (curl ®𝑢)𝑑𝑉

is conserved. Here ®𝑢 denotes the fluid velocity. These invariants of

the Euler flow are known as the Casimir invariants. We point out

that the conservation of these Casimir invariants is the quantitative

measure for the circulation conservation.

Besides being a higher order method based on (ii)–(iv), the CO-

FLIP algorithm shows superior invariant conservation, both in

energy and Casimirs, and stability compared to a classical FLIP

method. Moreover, CO-FLIP is capable of producing benchmark

vortex phenomena at low grid resolutions (see Fig. 3). For instance,

64
3
, or even lower resolutions of 32

3
.

Glimpse of the Mathematics behind CO-FLIP. Beyond improving

the results of FLIP, we elucidate that the CO-FLIP algorithm naturally

arises when considering a structure-preserving discretization of

the geometric mechanics formulation of the incompressible Euler

equations.

In the continuous theory, the Euler equation is a Hamiltonian

system. The phase space is given by the dual space of divergence-free

vector fields, which is a Poisson space, and the Hamiltonian is given

by the kinetic energy of the velocity field.

Towards the discrete theory, a mimetic interpolation (ii) gives us a

finite-dimensional subspace of divergence-free vector fields to work

with, which constitute grid velocities. We define a discrete Euler

equation on the original continuous dual space of divergence-free

vector fields, using the finite-dimensional Hamiltonian function

defined over grid velocities. This discrete Euler flow has energy

conservation and circulation conservation in the same way the

continuous Euler flows obey these laws. Using a technique involving

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.
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(b) Head-on view.
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Fig. 3. The (1,5)-torus unknot. They are referred to as unknot as the numbers 1 and 5 are no longer coprime [Maggioni et al. 2010]. With time, the unknot moves
forward and stretches apart until the vortex reconnection event happens. Our method at a low resolution of 64 × 64 × 64 captures this phenomenon.
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Fig. 4. Comparison of torus (1,5)-unknot experiment. Note that our method
conserves energy and vortical structures throughout the simulation, while
traditional methods lose both energy and helicity.

momentum maps, we can emulate this dynamical system on the

Lagrangian coordinates, which leads to the particle-in-cell hybrid

algorithm of CO-FLIP.

Overview. After a literature survey in Section 2, we first provide a

high-level overview of the CO-FLIP algorithm in Section 3. Next,

we elucidate the theoretical foundation of CO-FLIP in Section 4. In

Section 5 we focus on the mimetic interpolations, their constructions,

and their implications. The remainder of the paper consists of imple-

mentation details (Section 6) and numerical examples (Section 7).

2 RELATED WORK

2.1 Vorticity Conservation in Eulerian Fluid Simulation
Since the early work of Stam [1999] in the computer graphics field,

the need for maintaining vorticity in the fluid simulations has

received much attention. Indeed, the nonlinear advection operator

present in the Navier-Stokes and Euler equations, when discretized

on a grid, introduces much artificial viscosity. A variety of techniques

have been developed to mitigate this dissipation. In particular, back-

and-forth error compensation and correction (BFECC) and modified

MacCormack methods [Dupont and Liu 2003; Kim et al. 2005; Selle

et al. 2008], vorticity confinement method [Fedkiw et al. 2001], and

advection-reflection [Zehnder et al. 2018] are few methods which

tackle energy loss and restore the simulation vorticity otherwise

lost.

Another class of approaches simulate the vorticity equation, which
describes the evolution of the vorticity, instead of velocity [Selle et al.

2005; Elcott et al. 2007; Zhang et al. 2015]. By removing the splitting

error between the projection and advection steps, these methods

generally do well at conserving vorticity. However, they run into

instability problems in three dimensions due to the stretching term,

and further complicate handling of harmonic components [Yin et al.

2023].

Finally, a recent line of work has observed that the Euler equations

can be recast as the Lie advection of the velocity covector [Nabizadeh

et al. 2022] or impulse [Feng et al. 2022; Saye 2016; Yang et al. 2021].

Such methods provide a velocity-based formulation which similarly

removes the splitting error without the complication of handling

harmonic components.

In these semi-Lagrangian methods, Lagrangian features of the

fluid are tracked over time, along the characteristics of the fluid

flow. As such, an effective method of further removing dissipation is

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.
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Fig. 5. A nozzle shooting out smoke and hitting a Spot-shaped [Crane et al. 2013b] obstacle. Note the intricate vortical structures our method (CO-FLIP) can
create at a low resolution of 128 × 64 × 64.

to track characteristics further back in time. This idea of the long-

term method of characteristic mappings (MCM) has been developed

in multiple works [Tessendorf and Pelfrey 2011; Sato et al. 2018;

Qu et al. 2019]. A recent work [Deng et al. 2023] uses a neural

network to compress the large amount of velocity data needed to

evaluate these long-term characteristics. In this work, we advocate

an alternative that requires no compression but produces similarly

accurate long-term characteristics. We, instead, opt to use particles to

track Lagrangian features of the fluid. In particular, we track velocity

covectors and deformation gradients on Lagrangian particles, so

that the Lie advection of the velocity covector becomes solving an

ODE on particles. This both minimizes splitting error, and tracks

the long term features of fluids along characteristics, preserving

circulation as well as energy.

2.2 Hybrid Eulerian-Lagrangian Methods
Particle-in-cell (PIC) algorithms for simulating fluids were first intro-

duced by [Harlow 1962]. Since then, they have been used in a variety

of scientific computing and computer graphics applications. In partic-

ular, Fluid Implicit Particles (FLIP) was developed by [Brackbill and

Ruppel 1986; Brackbill et al. 1988] for use in magnetohydrodynamic

calculations, and [Sulsky et al. 1995] developed the Material Point

Method (MPM), which also tracks deformation gradients on particles

to handle more sophisticated materials.

The material point method gained prominence in computer graph-

ics after Stomakhin et al. [2013] used it for snow simulation, and

subsequently has been extended to a wide variety of materials [Stom-

akhin et al. 2014; Ram et al. 2015; Klár et al. 2016; Jiang et al. 2017;

Tampubolon et al. 2017] as well as scenarios like contact [Han et al.

2019] and fracture [Wolper et al. 2019]. There has also been signifi-

cant work in improving the properties of the P2G transfer [Jiang

et al. 2015; Fu et al. 2017; Hu et al. 2018; Fei et al. 2021] in order to

reduce the dissipation involved in PIC, and the instabilities and noise

in FLIP [Hammerquist and Nairn 2017]. The least-squares based P2G

transfer proposed in this paper ((79)) uses a simple preconditioned

conjugate gradient solver to alleviate both issues. First, the P2G

transfer is directly defined as the pseudoinverse of G2P interpolation

and, as such, matches its arbitrarily high order of accuracy. Unlike

high-order PIC [Edwards and Bridson 2012], which used moving

least squares reconstruction andWENO interpolation [Jiang and Shu

1996], our transfers canonically follow from the choice of B-spline

subspace. Second, the least-squares solve minimizes the instabil-

ity problem involved with FLIP-based methods, which are due to

divergent velocity modes on the particles that are in the kernel of

the particle to P2G transfer, and therefore never get projected out

[Hammerquist and Nairn 2017; Ding et al. 2020].

Particle-in-cell methods have also previously been used in graph-

ics for fluid simulation. In graphics, FLIP for fluids was first suggested

by [Zhu and Bridson 2005], and subsequent work has focused on

maintaining incompressibility and volume conservation in the flow

[Cornelis et al. 2014; Kugelstadt et al. 2019; Qu et al. 2022]. These

approaches have all involved a more sophisticated pressure projec-

tion that directly involves particle positions in some capacity – they

thus also ensure particles remain distributed evenly. In contrast, our

Galerkin Pressure projection (Eq. (79)), does not involve particles

directly and improves the incompressibility of fluids by finding

the best divergence-free representative in the B-spline in the 𝐿2

sense (See Appendix Section C.1). Additionally, the particles remain

evenly distributed throughout the domain as they are advected by a

point-wise divergence free interpolated velocity field, as discussed

in Section 3.2.

2.3 Geometric Fluid Mechanics
Our algorithm is derived from physical principles arising in geomet-

ric fluid mechanics: the study of fluid mechanics from Lagrangian

and Hamiltonian perspectives.

The story of geometric fluid mechanics begins in the 19th century,

with Thomson [1868] circulation over closed loops is conserved,

Helmholz [1858] observing that vortex rings form stable structures

under the Euler flow, and Clebsch [1859] showing that ideal fluids (at

least with zero helicity) can be represented as a Lagrangian/Hamil-

tonian system. A truly general theory, however, only emerged after

a breakthrough from Arnold [1966], who observed that the Euler

flow is geodesic motion on the Lie group of volume-preserving

diffeomorphisms. From this insight, much work has occurred in

geometric fluid mechanics. In particular, the term helicity was coined

by Moffatt [1969] and shown to be a topological invariant related

to the knottedness of vortex lines [Moreau 1961; Moffatt 2014].

Significant advances were also made by Ebin and Marsden [1970],

who addressed functional analytic issues in this representation and

Marsden and Weinstein [1983] who unified this picture with Clebsch

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.
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Fig. 6. Rayleigh-Taylor instability at frames 150 (left), 300 (middle), and 400 (right). The insets provide a closer look at how our method (CO-FLIP) produces and
maintains an increasing amount of vortical structures compared with traditional methods. This behavior matches better the infinite fractal look results expected
from buoyant fluids evolving with zero viscosity.

representations using the notion of reduction of a Hamiltonian sys-

tem, and observed that Kelvin circulation conservation is a Noether

current associated with particle relabling symmetry.

The Hamiltonian view also suggests the covector or impulse

formulation of Euler equation [Oseledets 1989; Cortez 1995], which

have recently become influential in graphics following work by

[Nabizadeh et al. 2022; Feng et al. 2022; Saye 2016]. The geometric

formulation also gives a close relation between Euler flows and

Schrödinger flows [Chern et al. 2016; Khesin et al. 2019] and Clebsch-

based formulations, which have been used in graphics for vortical

flow simulations [Yang et al. 2021; Xiong et al. 2022] and visualiza-

tions [Chern et al. 2017]. Recent developments in Geometric Fluid

Mechanics include the classification of Casimir invariants in the

Euler flow [Izosimov and Khesin 2017; Khesin et al. 2022]. These

Casimirs are constant on coadjoint orbits and thus enable us to

perform measurements that show coadjoint orbit conservation in

Section 6.7.

For a broader discussion of geometric fluid mechanics, we refer

the reader to the books by Arnold and Khesin [1998]; Holm [2011]

or Morrison [1998].

2.4 Structure-Preserving Discretizations
The ideas of geometric fluid mechanics have inspired a wide array

of both spatial and temporal discretizations, including ours, that aim

to more faithfully reflect features of the underlying mathematical

equations.

In computer graphics, Mullen et al. [2009] developed a reversible,

energy preserving time integrator involving a Newton iteration.

More generally, there are a wide variety of approaches to geometric

numerical integration [Hairer et al. 2006] that can be used to conserve

energy, symplectic or Poisson structures [Marsden et al. 1999], or

remain on a Lie Group [Celledoni et al. 2014]. Such a Lie group

integrator was applied in computer graphics by Azencot et al. [2014]

for fluid simulation on surfaces. We adopt a method similar to

Engø and Faltinsen [2001] for the time integration of Lie-Poisson

systems that preserves energy and remains on coadjoint orbits, see

Section 3.4.

On the spatial discretization side, Pavlov et al. [2011] approached

the problem by viewing discrete flow maps as stochastic, orthog-

onal matrices. The resulting discretization showed significantly

better energy behavior than previous methods. Another line of

structure-preserving spatial discretizations involves Nambu brack-

ets, a generalization of Poisson brackets [Nambu 1973; Névir and

Blender 1993], which have been extensively used in numerical

weather prediction [Gassmann and Herzog 2008; Zängl 2013].

2.4.1 Mimetic Interpolation & Isogemetric Analysis. Our method

takes advantage of a mimetic interpolation [Pletzer and Fillmore

2015; Pletzer and Hayek 2019] – that is, an interpolation that is

consistent with a discrete derivative operator. For example, if grid

data is discretely divergence free (such as that obtained after a

pressure projection), then a mimetic interpolant should be pointwise

divergence-free everywhere in the domain. Such interpolants were

introduced to computer graphics by [Chang et al. 2022], but they

have a long history in scientific computing. The particular mimetic

interpolants that we adopt are based on B-splines, and have been

used extensively in isogeometric analysis Buffa et al. [2010, 2011];

Evans and Hughes [2013] and finite element exterior calculus (FEEC)

Arnold et al. [2006]. The idea is to observe that the mimetic inter-

polation properties of B-splines yield a discrete de Rham complex,

which in turn yield natural finite element spaces for all of the in-

volved quantities. Thus, FEEC is a generalization of discrete exterior

calculus [Hirani 2003] using higher order function spaces. FEEC

has given rise to several conservative simulation algorithms. For

example, Zhang et al. [2022] developed a dual-field formulation of

the Navier-Stokes equations that naturally discretizes to exactly

conserve energy and helicity. We use a B-spline to represent grid

data (see Section 5), as it guarantees that our particle advection

action is volume preserving and that our pressure projection is

weakly exact (Thm. 3.1).
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Table 2. Notations and their meanings.

Notation Meaning

𝑀 Material space (Lagrangian viewpoint)

𝑊 World space (Eulerian viewpoint)

(Σ, 𝜎 ) Symplectic manifold, and its associated 2-form

P Index set on the particles

𝔛 (𝑊 ),𝔛∗ (𝑊 ) Space of vector fields on𝑊 , and its dual

𝔛
div
(𝑊 ),𝔛∗

div
(𝑊 ) Space of div-free vector fields on𝑊 , and its dual

𝔅,𝔅∗ Space of discrete vector fields, and its dual

𝔅
div
,𝔅∗

div
Space of discrete div-free vector fields, and its dual

I Interpolation operator (aka G2P map)

I+ Pseudoinverse of I using continuous metric

ˆI+ I+ using particle-based metric (aka P2G map)

I⊺ Adjoint of I
P Pressure projection operator

d Exterior derivative operator

∗ Continuous Hodge star

★ Galerkin Hodge star

♭, ♯ Musical isomorphisms

W𝑝 𝑝-th moment of the vorticity (2D Casimirs)

H Helicity (3D Casimir)

𝐻 Hamiltonian function

SDiff(𝑊 ) Lie group of vol-preserving diffeomorphisms on𝑊

Adv Advection action on Σ by SDiff(𝑊 )

adv Infinitesimal advection action induced by Adv

𝐽
adv

Momentum map induced by adv

For a more thorough discussion of alternative approaches to

mimetic interpolation, we refer the interested reader to [Schroeder

et al. 2022; Roy-Chowdhury et al. 2024; Chang et al. 2022].

3 METHOD
In this section, we describe the CO-FLIP method for simulating

incompressible and inviscid fluids. After a brief background of

the governing PDE in Section 3.1, we describe a particle-in-cell

framework, involving a finite dimensional velocity space as the

grid structure in Section 3.2, and the particle dynamical system in

Section 3.3. See Table 2 for notations used across the paper.

3.1 Euler Equation
Let𝑊 ⊂ R𝑛

, 𝑛 = 2 or 3, be a fluid domain in a Euclidean space. Let

𝔛(𝑊 ) :=
{
C1

vector fields on𝑊
}

(1)

𝔛
div
(𝑊 ) := {®𝑣 ∈ 𝔛(𝑊 ) | ∇ · ®𝑣 = 0, ®𝑣 · ®𝑛 |𝜕𝑊 = 0} (2)

respectively denote the space of smooth (C1
) vector fields and the

space of divergence-free vector fields satisfying the no-through

boundary condition. Here ®𝑛 denotes the normal vector of the domain

boundary 𝜕𝑊 . The space 𝔛
div

models the space of velocity fields

of a smooth incompressible flow. The space 𝔛 is equipped with an

𝐿2
inner product denoted by ⎷®𝑣, ®𝑤⌄ :=

∫
𝑊
⟨®𝑣, ®𝑤⟩ 𝑑𝜇, where 𝑑𝜇 is the

Euclidean volume form on𝑊 .

The incompressible and inviscid fluid with uniform density is

governed by the Euler equation that describes the time evolution of

a divergence-free velocity field ®𝑣 (𝑡) ∈ 𝔛
div
(𝑊 ):

𝜕
𝜕𝑡 ®𝑣 + ®𝑣 · ∇®𝑣 = −∇𝑝, ®𝑣 (𝑡) ∈ 𝔛

div
(𝑊 ), (3)

where the pressure force “−∇𝑝 ,” 𝑝 being a scalar function, is a general

element of the orthogonal complement 𝔛
div
(𝑊 )⊥ in 𝔛(𝑊 ) with

respect to ⎷·, ·⌄ that keeps ®𝑣 on 𝔛
div
(𝑊 ).1 The equivalent covector

1
We acknowledge that the long-time existence of the Euler equation in the C1

class is

not guaranteed [Elgindi et al. 2019; Chen and Hou 2022].

Fig. 7. Rocket launching out into space with hot fuel smoke in its wake.
Smoke ejection is simulated using our method (CO-FLIP). Note the turbulent
features of the fuel plume captured despite the low resolution of 64× 64× 64.
The colors represent an artistic visualization of rocket engine exhaust.

formulation of the Euler equation (3) describes the time evolution of

the velocity covector (1-form) ®𝑣♭ ∈ Ω1 (𝑊 ) [Nabizadeh et al. 2022]:

𝜕
𝜕𝑡 ®𝑣

♭ +L®𝑣 ®𝑣♭ = −𝑑 (𝑝 − 1

2
|®𝑣 |2), ®𝑣 (𝑡) ∈ 𝔛

div
(𝑊 ), (4)

where L®𝑣 is the Lie derivative operator for 1-forms and 𝑑 is the

exterior derivative. One can further rewrite (4) in a more general

form for 1-forms ®𝑢 (𝑡)♭ ∈ Ω(𝑊 ) with ®𝑢 (𝑡) ∈ 𝔛(𝑊 ) not necessarily
divergence-free:

𝜕
𝜕𝑡 ®𝑢

♭ +L®𝑣 ®𝑢♭ = −𝑑𝑞, ®𝑣 = P𝔛
div

®𝑢, (5)

where P𝔛
div

: 𝔛(𝑊 ) → 𝔛
div
(𝑊 ) is the orthogonal projection, and

the scalar function 𝑞 is arbitrary. Note that ®𝑢 and ®𝑣 differ only by a

gradient of an arbitrary scalar function, which is known as a gauge
degree of freedom in ®𝑢. The field ®𝑢 in (5) is referred to as an impulse
in the literature [Cortez 1995; Feng et al. 2022]. The 1-form ®𝑢♭ is
also regarded as the circulation field since the circulation

∮
𝐶
®𝑢♭ on

any closed curve 𝐶 is well-defined exactly with the gauge degree of

freedom in ®𝑢. Finally, in terms of vectors ®𝑢, (5) is equivalent to
𝜕
𝜕𝑡 ®𝑢 + ®𝑣 · ∇®𝑢 + (∇®𝑣)

⊺ ®𝑢 = −∇𝑞, ®𝑣 = P𝔛
div

®𝑢. (6)

The CO-FLIP method is a particle–grid hybrid method for simu-

lating (5) (or (6)). The advected quantity ®𝑢 is stored on particles, and

the velocity ®𝑣 generating the advection is stored on the grid. We

first describe the grid structure in Section 3.2, which allows us to

write down the ODE system for the particles in Section 3.3.

3.2 Divergence-Consistent Grid
As part of the setup, we suppose we have a divergence-free interpo-
lation scheme to represent divergence-free vector fields. Precisely,

there is a finite 𝑁 -dimensional vector space 𝔅, representing a space

of discrete vector field data (e.g. over a grid covering𝑊 ). The space
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𝔅 is equipped with a discrete divergence operator

d : 𝔅
linear−−−−−→ 𝔇 (7)

where𝔇 denotes some space of discrete divergence data. The discrete

divergence operator (7) defines the space

𝔅
div

:= ker(d) ⊂ 𝔅 (8)

of discrete divergence-free vector fields. What is referred to as an

interpolation scheme is an operator that realizes each element of 𝔅

as a smooth vector field

I : 𝔅

linear,

injective

−−−−−−−→ 𝔛(𝑊 ), f =
[
𝑓1
|
𝑓𝑁

]
↦→ I(f) =

𝑁∑︁
i=1

𝑓i®𝑏i (9)

via a set of given basis vector fields
®𝑏1, . . . , ®𝑏𝑁 ∈ 𝔛(𝑊 ). A divergence-

free interpolation scheme is an interpolation I so that discrete di-

vergence free vector fields are realized as smooth divergence free

vector fields

I(𝔅
div
) ⊂ 𝔛

div
(𝑊 ) . (10)

In other words, the discrete and continuous divergence operators

are consistent through the interpolation.

In Section 5 we construct a divergence-consistent interpolation

method from a discrete grid using B-splines. In general, such interpo-

lation methods that are consistent with the exterior derivatives (grad,

curl, div) are known as amimetic interpolation, also detailed in

Section 5. In this section, we assume a divergence-free interpolation

scheme I is given, so that we can describe the algorithm in terms of

elementary linear algebra.

Once (𝔅,𝔅
div

,I) is given, we have an induced inner product

structure on𝔅 from the 𝐿2
inner product structure of𝔛(𝑊 ) through

the map I : 𝔅→ 𝔛(𝑊 ):

⟨f, g⟩𝔅 = f⊺ ★ g := ⎷I(f),I(g)⌄ =
∫
𝑊

⟨I(f),I(g)⟩ 𝑑𝜇 (11)

for all f, g ∈ B, where ★ denotes the inner product matrix, which

is an 𝑁 -by-𝑁 symmetric positive definite matrix explicitly given

by ★ij = ⎷®𝑏i, ®𝑏j⌄. Let P𝔅
div

: 𝔅 → 𝔅
div

denote the orthogonal

projection to 𝔅
div

= ker(d) with respect to ⟨·, ·⟩𝔅, given by

P𝔅
div

= id − ★−1 d⊺ (d★−1 d⊺)−1d, (12)

derived in Appendix C.1. The discrete projection (12) is analogous

to the continuous pressure projection (id−∇Δ−1 (∇·)). One may

equivalently write (12) in terms of streamfunctions, which is detailed

in Section 6.1.3. We refer P𝔅
div

as the discrete pressure projection
operator. Note that the divergence-consistency (10) of the interpo-

lation I implies that the discrete pressure projection is exact in the

weak sense. That is, it results in the closest-point approximation to

the exact pressure projection:

Theorem 3.1. The resulting vector field I(P𝔅
div

f) by the discrete
pressure projection is, among I(𝔅

div
), the closest element to the

continuous pressure projection P𝔛
div

I(f) performed in 𝔛(𝑊 ). That is,(
I(P𝔅

div

f) − P𝔛
div

I(f)
)
⊥𝐿2 I(𝔅

div
) for all f ∈ 𝔅. (13)

Proof. Appendix C.2. □

3.3 Equations of Motion of CO-FLIP
CO-FLIP is a dynamical system for particles. Now, we describe the

equations of motion for this particle system. Let P denote the index

set for the particles. The time-dependent state ( ®𝑥p (𝑡), ®𝑢p (𝑡))p∈P of

the system consists of the position ®𝑥 (𝑡) : P →𝑊 of each particle,

and the impulse ®𝑢 (𝑡) : P → R𝑛
at each particle.

The equations of motion for the particles are given by
𝑑
𝑑𝑡
®𝑥p (𝑡) = ®𝑣 | ®𝑥p (𝑡 ) , p ∈ P (14a)

𝑑
𝑑𝑡
®𝑢p (𝑡) = −(∇®𝑣 | ®𝑥p (𝑡 ) )

⊺ ®𝑢p (𝑡), p ∈ P (14b)

®𝑣 = IP𝔅
div

ˆI+ ( ®𝑥p, ®𝑢p)p∈P ∈ 𝔛div
(𝑊 ), (14c)

as a discretization of (6) (with 𝑞 = 0) along advected particles. Here

ˆI+ is the pseudoinverse of I that takes in a state ( ®𝑥p, ®𝑢p)p∈P and

returns an element in 𝔅 by

ˆI+ ( ®𝑥p, ®𝑢p)p∈P := argmin

f∈𝔅

∑︁
p∈P
| (I(f))®𝑥p − ®𝑢p |

2𝜇p, (15)

where 𝜇p is a particle volume preserved over time.

Theorem 3.2. ˆI+ is an exact left-inverse of I in the sense that

f = ˆI+
(
®𝑥p,I(f)®𝑥p

)
p∈P

for all f ∈ 𝔅 and particle
positions ( ®𝑥p)p∈P ,

(16)

provided that ( ®𝑥p)p∈P is sufficiently dense so that the minimizer for
(15) is unique.

Proof. Appendix C.3. □

In the language of PIC and FLIP, the interpolation f ∈ 𝔅 ↦→
(®𝑥p,I(f)®𝑥p )p∈P is our grid-to-particle (G2P) transfer, while the least

squares solve
ˆI+ is our particle-to-grid (P2G) transfer. In particular,

(16) states that P2G perfectly reconstructs the grid data if the particle

data comes from a G2P transfer. We detail, in Section 7.1.1, an

efficient manner of solving this problem using a preconditioned

conjugate gradient (PCG) solver.

Also note that the C0
-continuous gradient of velocity ∇®𝑣 in (14b)

can also be evaluated exactly since ®𝑣 is in the image ofI. For example

if ®𝑣 = I(f) = ∑𝑁
i=1

𝑓i®𝑏i then ∇®𝑣 =
∑𝑁
i=1

𝑓i∇®𝑏i.
This concludes the CO-FLIP dynamical system as an ODE (14).

3.4 Time Integration
The time integration of (14) is dissected into two levels. At the

first level, we describe the time integration of (14a) and (14b) for a

time-independent velocity field ®𝑣 . Second, we describe the coupling
with (14c).

3.4.1 Advection action. When a smooth divergence-free vector field

®𝑣 ∈ 𝔛
div
(𝑊 ) is given and fixed over time, the ODE system (14a) and

(14b) for ( ®𝑥p (𝑡), ®𝑢p (𝑡))p∈P can be integrated accurately, efficiently,

and in parallel over p ∈ P, using the 4th order Runge–Kutta (RK4)

method. Conceptually, this first level ODE solve is the evaluation of

a Lie group action on the state ( ®𝑥p, ®𝑢p)p∈P by an element of the Lie

algebra (i.e. generator) ®𝑣 ∈ 𝔛
div
(𝑊 ). Let us denote this advection
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by a fixed ®𝑣 ∈ 𝔛
div
(𝑊 ) over a given time span 𝜏 ≥ 0 by

Adv
𝜏
®𝑣 : 𝑊 × R𝑛 →𝑊 × R𝑛,

Adv
𝜏
®𝑣 ( ®𝑥

0, ®𝑢0) := ( ®𝑥 (𝜏), ®𝑢 (𝜏)),

where


𝑑
𝑑𝑡
®𝑥 (𝑡) = ®𝑣 | ®𝑥 (𝑡 )

𝑑
𝑑𝑡
®𝑢 (𝑡) = −(∇®𝑣 | ®𝑥 (𝑡 ) )⊺ ®𝑢 (𝑡)

®𝑥 (0) = ®𝑥0, ®𝑢 (0) = ®𝑢0 .

(17)

The operator Adv
𝜏
®𝑣 also acts on the particle state space (𝑊 ×R𝑛) | P |

by mapping the operation in parallel to each ( ®𝑥p, ®𝑢p) for p ∈ P.
Note that we have group structure Adv

𝜏1

®𝑣 Adv
𝜏2

®𝑣 = Adv
𝜏1+𝜏2

®𝑣 and

Adv
𝜏
𝑎®𝑣 = Adv

𝑎𝜏
®𝑣 .

3.4.2 Lie group integrator. At the second level, we couple the above

group action (17) with (14c) using a Lie group integrator. That is,

we construct a higher order time integration method only by com-

positions of group actions. For simplicity in notation, we abbreviate

each state by y = ( ®𝑥p, ®𝑢p)p∈P ∈ (𝑊 × R𝑛) | P | , and we write (14c)

as ®𝑣 = IF (y) where

F : (𝑊 × R𝑛) | P | → 𝔅
div

, F := P𝔅
div

ˆI+ . (18)

We adopt a trapezoidal rule. On a time axis (n𝛥𝑡)n=0,1,2,... discretized

by a uniform size 𝛥𝑡 > 0, a given state y(n) at the n-th time step

determines the state y(n+1) at the next time step by solving
y(n+1) = Adv

𝛥𝑡
If∗ y

(n)
(19a)

f∗ = 1

2

(
F (y(n) ) + F (y(n+1) )

)
. (19b)

The intermediate grid velocity data f∗ ∈ 𝔅
div

represents the grid

velocity at the midpoint, i.e. the (n + 1/2)-th time step.

In Section 4.6 (Corollary 4.4) we show that (19) becomes an

energy preserving integrator in the limit where the particle density

approaches a continuum (the grid and temporal resolution stay fixed

during this limit).

A simple method to evaluate the solution to (19) is by a fixed

point iteration:

Algorithm 1 CO-FLIP Trapezoidal Integrator

Input: y(n) = ( ®𝑥p, ®𝑢p) (n)p∈P ⊲ Particle position and impulse.

1: f∗ ← F (y(n) ); ⊲ Projected particle-to-grid

2: do
3: y(n+1) ← (19a); ⊲ Advect the particles.

4: f∗ ← (19b); ⊲ Averaged particle-to-grid velocity.

5: while F (y(n+1) ) not converged.
Output: y(n+1) .

The stop criteria is determined either by a max number of iter-

ations, or when | | F (y(n+1) )−F(y(n) ) | |/| | F (y(0) ) | | has converged to a

desired tolerance. This algorithm is implementation-wise attrac-

tive since it only requires calling the explicit advection procedure

(17) and evaluating F (18), which are familiar subroutines in any

PIC or FLIP implementation. It is in contrast to a full Newton’s

method for (19) that would involve computing the system’s Hessian

[Mullen et al. 2009; Azencot et al. 2014]. When only one iteration
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Fig. 8. The average time taken per fixed point iteration during the trape-
zoidal implicit time integration; for the Trefoil knot experiment in Fig. 24 at
resolution 64

3 (left), and a comparison of the total time taken for different
resolutions of CO-FLIP and CF+PolyFLIP (right). Note that the exponential
drop in time taken to run the later iterations. Compared to an explicit
midpoint solver (first two iterations only), these additional steps only incur
50% additional computational time. In comparison to traditional methods,
our method takes longer to run, and it scales linearly as number of grid cells
increase.

is performed, this is the forward Euler method or time-splitting

method adopted in most particle-in-cell methods. Performing two

iterations corresponds to the higher order time integration, such as

explicit trapezoidal or midpoint schemes, adopted in [Narain et al.

2019; Nabizadeh et al. 2022]. We run the fixed point iteration until

convergence, which typically takes up to 4–6 iterations (note that

later iterations cost less, see Fig. 8).

3.5 Energy-Based Correction

The
ˆI+ (15) and the F (18) operators are projection operators,

which take a vector field represented by the particles, and send to

the image ofI : 𝔅→ 𝔛(𝑊 ) andI : 𝔅
div
→ 𝔛

div
(𝑊 ). However, the

projection
ˆI+ (which is a part of F ) is orthogonal only with respect

to the metric

∑
p∈P | · |2𝜇p instead of the continuous 𝐿2

metric∫
𝑊
| · |2 𝑑𝜇. Increasing the particle density essentially improves the

approximation of

∑
p∈P | · |2𝜇p to

∫
𝑊
| · |2 𝑑𝜇. In other words, the

difference between the two norms reflects a discretization error due

to the particles not being infinitely dense.

Here, we propose a simple method to include a correction term

that compensates this discretization error. We will utilize the facts

that (i) we do have access to the exact 𝐿2
norm when the data is on

𝔅 (cf. (11)), and (ii) at the limit where particles become a continuum

the method (19) is energy preserving (Corollary 4.4 in Section 4.6).

The general idea goes as follows. Let f (n) ≈ F (y(n) ), f (n+1) ≈
F (y(n+1) ) represent modified grid velocities projected from the

particle data y(n) , y(n+1) . This modification is made minimally so

that the kinetic energy is conserved: |f (n+1) |2
𝔅

= |f (n) |2
𝔅
for all n,

where | · |2
𝔅
is given by (11) which yields the exact 𝐿2

norm of the

interpolated grid velocities. Note that by the difference of squares
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formula, the condition |f (n+1) |2
𝔅
− |f (n) |2

𝔅
= 0 translates to

⟨f (n+1) − f (n)︸          ︷︷          ︸
𝛥f

, f (n+1) + f (n)︸          ︷︷          ︸
2

˜f∗

⟩𝔅 = 0. (20)

To impose this energy conservation condition, we project an orig-

inal difference (𝛥f)
original

= F (y(𝑛+1) ) − f (𝑛) to the orthogonal

complement of
˜f∗, the intermediate grid velocity projected from the

particle data. This treatment corresponds to the following implicit

scheme.

Initialize f (0) = F (y(0) ). Given y(n) , f (n) , determine y(n+1) , f (n+1)

by solving 
y(n+1) = Adv

𝛥𝑡

I ˜f∗
y(n) (21a)

˜f∗ = 1

2

(
f (n) + f (n+1)

)
(21b)

f (n+1) = f (n) + Pf∗⊥
(
F (y(n+1) ) − f (n)

)
(21c)

where P
˜f∗⊥ f = f − ˜f∗⟨˜f∗, f⟩𝔅/| ˜f∗ |2𝔅 is the orthogonal projection to

the orthogonal complement of
˜f∗.

Similar to (19), the solution to (21) can be evaluated using a fixed

point iteration with an implicit trapezoidal integrator:

Algorithm 2 CO-FLIP Integrator with Energy-Based Correction

Input: y(n) , f (n) ⊲ Particle state and grid state

1:
˜f∗ ← F (y(n) ); ⊲ Projected particle-to-grid

2: do
3: y(n+1) ← (21a); ⊲ Advect the particles.

4: f (n+1) ← F (y(n+1) ); ⊲ Projected particle-to-grid.

5:
˜f∗ ← (21b); ⊲ Average.

6: f (n+1) ← f (n) + P
˜f∗⊥ (f

(n+1) − f (n) ); ⊲ Correction (21c).

7: while F (y(n+1) ) not converged.
Output: y(n+1) , f (n+1) .

We let the fixed point iteration run until convergence with the

same criteria as Algorithm 1. For our experiments, we keep the

CFL number close to 0.5, which results in 4-6 iterations to exit

for a tolerance of 10
−9

in 2D (10
−7

in 3D). As shown in Fig. 8, by

reusing the previous iterations’ results as guesses to the solvers

for the next iteration, each step of the fixed-point iteration runs

progressively faster than the one before. In practice, we observe an

increase in computation time of roughly 50% compared to an explicit

second-order method. This is a relatively small price to pay for the

conservation of energy. Preserving energy informs us quantitatively

that the algorithm is correctly simulating the I-discrete Euler flow
(Section 4.2). Note that energy conservation is only possible when

˜f∗

has sufficiently converged using our implicit integration; otherwise,

the explicit scheme cannot benefit from the energy correction (see

Fig. 9). We use Algorithm 2 for all of our experiments.

3.6 Discussion
We have described the essence of the CO-FLIP method. One only

needs to provide a divergence-consistent interpolation scheme

I : 𝔅
div
→ 𝔛

div
(𝑊 ). Given such an interpolation method, the

0 2 4 6 8 10
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𝑡
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/s
)

Explicit integration without E-based correction

Explicit integration with E-based correction

Implicit integration without E-based correction

Implicit integration with E-based correction (Ours)

Fig. 9. Comparison of time integration method used for our method. This
study compares energy change within a timestep depending on whether our
method uses either an implicit or explicit trapezoidal integrator, with or
without energy-based correction. Note that the energy-based correction only
works as expected with an implicit integrator since ˜f∗ is correctly evaluated
with convergence of the fixed point iteration.

rest of the template description canonically unfolds into a fluid

simulation method.

In particular, the spatial accuracy of the method depends only on

the choice of the grid interpolation I (assuming the typical setup

that the particles are sufficiently dense compared to the grid). A high-

order interpolation scheme yields a globally high-order fluid solver.

This is in contrast to most fluid solvers, where achieving a certain

global accuracy requires designing multiple high-order subrou-

tines, such as particle-to-grid transfer, grid-to-particle transfer, and

pressure solves. We provide concrete constructions of divergence-

consistent interpolations of arbitrary order in Section 5. In addition

to having a high order of accuracy, the method preserves energy and

circulations. This is a consequence of the associated Hamiltonian

system governing the CO-FLIP dynamics.

Some practical implementation details are postponed to Section 6.

We discuss an efficient construction of our high-order pressure

projection, an adaptive resetting strategy, and details regarding

minimizing the instability of FLIP-based methods. Additional details

regarding the construction of the pseudoinverse and streamform-

vorticity solves are presented in Section 7.1.

In the following Section 4, we detail the mathematical foundation

of the CO-FLIP algorithm. In particular, we use the framework of

geometric fluid mechanics to show that CO-FLIP satisfies the con-

servation of circulation and energy in a precise manner (Section 4.6).

The theory relies on the background on Poisson structure and Lie

algebras developed in Appendix A. Readers primarily interested in

the implementation may skip to Section 5.

4 THEORY PART 1: A STRUCTURE PRESERVING FLUID
SIMULATOR

In this section, we show that the CO-FLIP method of Section 3 natu-

rally arises when considering discretizing the geometric theory of

the incompressible Euler equation in a structure-preserving manner.
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For further preliminary material regarding geometric mechanics,

we refer the readers to Appendix A, and for a brief exposition on

exterior calculus we refer the readers to [Wang et al. 2023; Yin et al.

2023; Crane et al. 2013a].

4.1 Background
In geometric mechanics, the incompressible Euler equation is for-

mulated as a Hamiltonian system.

The phase space of the Hamiltonian system is given by the dual

space 𝔛∗
div
(𝑊 ) of the space 𝔛

div
(𝑊 ) of divergence-free vector fields.

Note that the dual space of any Lie algebra is equipped with a natural

Poisson bracket, called the Lie–Poisson bracket (Section A.5). Since
𝔛

div
(𝑊 ) is a Lie algebra, with the standard Lie bracket for vector

fields, our phase space 𝔛∗
div
(𝑊 ) is equipped with a Poisson bracket.

The purpose of the Poisson bracket is that it can turn any smooth

function defined over the phase space, called a Hamiltonian, into

a vector field that describes a Hamiltonian dynamical system on

the phase space. The incompressible Euler equation is the Hamil-

tonian system whose phase space is 𝔛∗
div
(𝑊 ) with the Lie–Poisson

bracket, and whose Hamiltonian is the kinetic energy of each state

in 𝔛∗
div
(𝑊 ).

The fact that the incompressible Euler flow is a Hamiltonian

system using the Lie–Poisson bracket structure has some significant

implications. A dual Lie algebra is foliated into lower dimensional

coadjoint orbits (see Definition A.12), and any Hamiltonian vector

field on a dual Lie algebra is tangential to each coadjoint orbit and

therefore the flow preserves the coadjoint orbits. In particular, a state

in 𝔛∗
div
(𝑊 ) following the incompressible Euler flow must stay on

the same coadjoint orbit in 𝔛∗
div
(𝑊 ). This conservation of coadjoint

orbit, besides energy conservation, is an important structure that

we aim to preserve in a structure-preserving discretization.

Let us unpack the above Hamiltonian description with concrete

expressions in terms of fluid mechanical variables.

4.1.1 Dual space of divergence free vector fields.

Proposition 4.1. 𝔛∗
div
(𝑊 ) = Ω1 (𝑊 )/𝑑Ω0 (𝑊 ).

Proof. Appendix C.4. □

That is, each element of𝔛∗
div
(𝑊 ) is an equivalence class of 1-forms,

where two 1-forms𝜂, 𝜂′ ∈ Ω1 (𝑊 ) are defined to be equivalent if their
difference is exact 𝜂−𝜂′ ∈ im(𝑑). Recall the usual interpretation that

a 1-form is an object to be line-integrated along oriented curves in

the domain𝑊 . Here, an element [𝜂] ∈ 𝔛∗
div
(𝑊 ) = Ω1 (𝑊 )/𝑑Ω0 (𝑊 )

can be evaluated only along closed oriented curves. Therefore, we

call [𝜂] a circulation field.
The dual pairing between a circulation field [𝜂] ∈ 𝔛∗

div
(𝑊 ) and a

divergence-free vector field ®𝑣 ∈ 𝔛
div
(𝑊 ) is denoted and given by

⎷[𝜂] | ®𝑣⌄ =
∫
𝑊

⟨𝜂 |®𝑣⟩ 𝑑𝜇 (22)

where ⟨·|·⟩ is the pointwise dual pairing between a 1-form and a

vector. One can verify that the right-hand side expression of (22)

is independent of the representative 𝜂 ∈ [𝜂] for the equivalence
class [𝜂]. The dual pairing expression is relevant when we perform

calculus of variations. For each functional 𝐹 : 𝔛∗
div
(𝑊 ) → R, the

Fig. 10. Two nozzles shooting out inks of different colors collide with one
another. This highly turbulent behavior produces complex vortical structures
that are captured using our method (CO-FLIP) at a low resolution of 64 ×
128 × 64.

variation (𝛿𝐹/𝛿 [𝜂 ]) is a divergence-free vector field (𝛿𝐹/𝛿 [𝜂 ]) ∈
𝔛

div
(𝑊 ) given so that

𝑑

𝑑𝜀

����
𝜀=0

𝐹 ( [𝜂] + 𝜀 [𝜂]) = ⌃[𝜂]
���� 𝛿𝐹

𝛿 [𝜂] for all [𝜂] ∈ 𝔛∗
div
(𝑊 ) .

(23)

Note that the 𝐿2
inner product structure ⎷·, ·⌄ =

∫
⟨·, ·⟩ 𝑑𝜇 on

𝔛
div
(𝑊 ) induces an isomorphism between 𝔛

div
(𝑊 ) and 𝔛∗

div
(𝑊 )

♭𝔛
div

: 𝔛
div
(𝑊 ) linear �−−−−−−→ 𝔛∗

div
(𝑊 ), ♭𝔛

div

®𝑢 = [®𝑢♭] (24)

where (·)♭ is the pointwise flat operator that converts vectors to
covectors using themetric on𝑊 , so that we have ⎷®𝑢, ®𝑣⌄ = ⎷♭𝔛

div

®𝑢 |®𝑣⌄
for all ®𝑢, ®𝑣 ∈ 𝔛

div
(𝑊 ). The inverse map

♯𝔛
div

:= ♭−1

𝔛
div

: 𝔛∗
div
(𝑊 ) linear−−−−−→ 𝔛

div
(𝑊 ) (25)

is given by that ♯𝔛
div

[𝜂] is the unique divergence free vector field
®𝑣 ∈ 𝔛

div
(𝑊 ) such that [®𝑣♭] = [𝜂]. Explicitly, this ®𝑣 is the pressure

projection of 𝜂♯ of any representative 𝜂 ∈ [𝜂].

4.1.2 Coadjoint orbits in 𝔛∗
div
(𝑊 ).
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Proposition 4.2. The Hamiltonian flow on 𝔛∗
div
(𝑊 ) for any Hamil-

tonian function 𝐻 : 𝔛∗
div
(𝑊 ) → R is given by

𝜕

𝜕𝑡
[𝜂] +L 𝛿𝐻

𝛿 [𝜂 ]
[𝜂] = [0] . (26)

Proof. Appendix C.5. □

Every Hamiltonian flow will lie on a coadjoint orbit (Definition

A.12). The next proposition characterizes the coadjoint orbits in

terms of circulation fields.

Proposition 4.3. Two states [𝜂0], [𝜂1] ∈ 𝔛∗
div
(𝑊 ) lie on the same

coadjoint orbit if and only if there exists a volume-preserving map
𝜑 : 𝑊 →𝑊 (isotopic to the identity map) so that [𝜑∗𝜂1] = [𝜂0]. Here
𝜑∗ denotes the pullback operator.

Proof. Appendix C.6 □

In other words, two circulation data share the same coadjoint orbit

if and only if they are related by a volume-preserving transportation

with Kelvin circulation preservation.

The significance about this proposition is that the Kelvin circula-

tion theorem, known to be associated to the qualitative statement of

“vorticity conservation” in Euler flows, is now concretely character-

ized as that the state should lie on a submanifold, being the coadjoint

orbit, which is a structure solely determined by the Poisson structure

equipped in every dual Lie algebra (Appendix A.4).

Furthermore, we can quantitatively detect whether a family of

states lie in the same coadjoint orbit. A Casimir function (DefinitionA.10)

is a function on 𝔛∗
div
(𝑊 ) that is constant along each coadjoint orbit

(using Proposition A.9). Elements on the same coadjoint orbit will

take the same value for each Casimir function. For 2D fluids (𝑛 = 2) a

basis for the Casimir functions are the 𝑝-th moment of the vorticity

function

W𝑝 ( [𝜂]) :=

∫
𝑊

𝑤𝑝 𝑑𝜇, 𝑤 = ∗(𝑑𝜂). (27)

In 3D the regular Casimir is the helicity

H([𝜂]) :=

∫
𝑊

𝜂 ∧ 𝜔, 𝜔 = 𝑑𝜂. (28)

In particular, these Casimir functions are conserved for any Hamil-

tonian flow (26) on 𝔛∗
div
(𝑊 ).

One example for a Hamiltonian flow on 𝔛∗
div
(𝑊 ) is the incom-

pressible Euler equation:

Proposition 4.4. The incompressible Euler equation is the Hamilton-
ian flow (𝔛∗

div
(𝑊 ), 𝐻

Euler
) for the Hamiltonian function

𝐻
Euler
( [𝜂]) = 1

2

⎷♯𝔛
div

[𝜂], ♯𝔛
div

[𝜂]⌄. (29)

Proof. Appendix C.7 □

Next, as we consider a discretized Euler equation, we modify

the Hamiltonian function to a lower dimensional function, but we

keep the Poisson structure on 𝔛∗
div
(𝑊 ) the same. By doing so, the

modified equation will still stay on a coadjoint orbit in the true phase

space 𝔛∗
div
(𝑊 ) and therefore obey Kelvin’s circulation conservation.

4.2 Discrete Euler Flow
Our goal is to develop a finite dimensional (discrete) analog of the

Hamiltonian system (𝔛∗
div
(𝑊 ), 𝐻

Euler
).

Our discretization starts with a finite dimensional subspace in

the space of divergence-free vector fields given by a divergence-

consistent interpolation

I : 𝔅 ↩→ 𝔛(𝑊 ), (30)

I : 𝔅
div

↩→ 𝔛
div
(𝑊 ). (31)

Let us go towards replacing 𝔛
div
(𝑊 ) with this finite dimensional

representation𝔅
div

. Like the continuous theory, the dual space𝔅∗
div

is the quotient space 𝔅∗
div

= 𝔅∗/im(d⊺) where d is the discrete

divergence operator defining𝔅
div

= ker(d). As described in (11) the

embedding induces an inner product structure on 𝔅
div

denoted by

⟨f, g⟩𝔅 = ⎷I(f),I(g)⌄ = f⊺ ★ g. Similar to the continuous theory

the inner product ★ induces a map ♯𝔅
div

: 𝔅∗
div
→ 𝔅

div
given by

♯𝔅
div

= P𝔅
div

★−1
, the pressure projection of the metric dual of any

representative in𝔅∗/im(d⊺). Using the metric we define the discrete
Hamiltonian function analogous to the Hamiltonian for the Euler

equation:

Definition 4.1. The I-discrete Hamiltonian for Euler fluid is given
by

𝐻D
: 𝔅∗

div
→ R, 𝐻D ( [c]) :=

1

2

⟨♯𝔅
div

c, ♯𝔅
div

c⟩𝔅 . (32)

Here [c] represents a discrete circulation data.

4.2.1 Lack of Poisson Structure for 𝔅∗
div

. To construct a discrete

analogue of the Hamiltonian system (𝔛∗
div
(𝑊 ), 𝐻

Euler
), it is tempting

to consider a system (𝔅∗
div

, 𝐻D) where the phase space is 𝔅∗
div

on

which the discrete Hamiltonian 𝐻D is given. Unfortunately, unlike

the continuous theory, the space 𝔅
div

of divergence-free discrete

vector fields is in general not a Lie algebra like 𝔛
div

. It is unlikely

that there exists a Lie algebraically closed set of vector fields suitable

for fluid simulation, given that, at least in 2D, all Lie algebras of

vector fields have been completely classified [González-López et al.

1992]. As a consequence, in general, there is no natural Poisson

structure for 𝔅∗
div

to be a phase space. The core problem that the

space of computational velocities not being Lie algebraically closed

is referred to as that the velocity is non-holonomically constrained
[Mullen et al. 2009; Pavlov et al. 2011; Liu et al. 2015]. We discuss

the non-holonomicity in the literature of structure-preserving fluid

simulation in Appendix B.

4.2.2 Our dynamical system. The lack of Poisson structure for 𝔅∗
div

does not prevent us from considering a Hamiltonian system on the

larger space 𝔛∗
div
(𝑊 ), the original dual Lie algebra of the continuous

theory. The adjoint of the embedding (31) is a map of type

I⊺ : 𝔛∗
div
(𝑊 ) linear−−−−−→ 𝔅∗

div
. (33)

This allows us to pullback the discrete Hamiltonian function (32)

from 𝔅∗
div

to 𝔛∗
div
(𝑊 ) by composition

(𝐻D ◦ I⊺) : 𝔛∗
div
(𝑊 ) → R. (34)

Definition 4.2. The I-discrete Euler flow is given by the Hamiltonian
system (𝔛∗

div
(𝑊 ), 𝐻D ◦ I⊺).
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𝐻D ◦ I⊺

𝐻
Euler

𝔛∗
div
(𝑊 ) 𝔛∗

div
(𝑊 )

coadjoint
orbitsA

A

coadjoint
orbits

A
A

Fig. 11. Left: The Hamiltonian for Euler fluid 𝐻Euler on 𝔛∗
div
(𝑊 ) . Right: The

pullback of I-discrete Hamiltonian for Euler fluid 𝐻D on 𝔛∗
div
(𝑊 ) . Note

that Euler flow and the I-discrete Euler flow stay on the same coadjoint
orbits (illustrated in blue). Their intersections with the coadjoint orbits of
𝔛∗

div
(𝑊 ) are marked with pink lines with arrows.

Theorem 4.1. . The equation of motion for the I-discrete Euler flow
on 𝔛∗

div
(𝑊 ) is given by

𝜕

𝜕𝑡
[𝜂] +L®𝑣 [𝜂] = [0], where (35a)

®𝑣 = I♯𝔅
div

I⊺ [𝜂] = IP𝔅
div

★−1 I⊺𝜂. (35b)

Proof. Appendix C.8. □

Corollary 4.1. TheI-discrete Euler flow preserves the energy𝐻D◦I⊺
and the coadjoint orbits in 𝔛∗

div
(𝑊 ).

The I-discrete Euler flow only modifies the continuous Euler

flow by changing the Hamiltonian function from 𝐻
Euler

to 𝐻D ◦
I⊺ , a function of “less complexity” filtered through a projection

I⊺ to a finite dimensional space 𝔅∗
div

. However, the I-discrete
Euler equation expressed for elements [𝜂] (𝑡) ∈ 𝔛∗

div
(𝑊 ) is still a

continuous PDE (35) (see Fig. 11). How can we compute solutions to

such PDEs? Next, we describe a technique using momentum maps to

answer this question. The procedure leads to an interpretation of the

I-discrete Euler flow in a manner closer to a Lagrangian–Eulerian

hybrid simulation algorithm.

4.3 Method of Characteristics using an Auxiliary
Symplectic Space

We now introduce a technique that states that we can emulate the

Hamiltonian system (𝔛∗
div
(𝑊 ), 𝐻D ◦I⊺) on an auxiliary symplectic

space (See A.8 on which the dynamical system may be easier to

compute). A special case of this technique is the method of char-

acteristics for advective PDEs, leading to the hybrid formulation.

Readers less familiar with Symplectic Manifolds could refer to the

appendix Section A.3 for a brief introduction.

Note that𝔛
div
(𝑊 ) is the Lie algebra (tangent space at the identity)

of the Lie group of volume-preserving diffeomorphisms on𝑊

SDiff (𝑊 ) = {𝜑 ∈ C1 (𝑊 ;𝑊 ) | vol𝑈 = vol𝜑 (𝑈 ) for all𝑈 ⊂𝑊 .}
Consider any symplectic manifold (Σ, 𝜎) that is acted symplec-

tomorphically by the Lie group SDiff (𝑊 ). That is, there is a group
action, which we call advection, on Σ

Adv: SDiff (𝑊 ) × Σ→ Σ (36)

that preserves the symplectic 2-form 𝜎 ∈ Ω2 (Σ)

(Adv𝜑 )∗𝜎 = 𝜎, for all 𝜑 ∈ SDiff (𝑊 ). (37)

Here (Adv𝜑 )∗ is the pullback operator by the map Adv𝜑 : Σ→ Σ. By
considering the infinitesimal actions of Adv, we obtain an induced

Lie algebra (anti)homomorphism between spaces of vector fields

adv : 𝔛
div
(𝑊 )

Lie alg.

(anti)hom

−−−−−−−−→ 𝔛𝜎 (Σ) (38)

where𝔛𝜎 (Σ) is the Lie algebra of symplectic-form-preserving vector

fields 𝔛𝜎 (Σ) := { ®𝑋 ∈ 𝔛(Σ) | L ®𝑋 𝜎 = 0}. The symplectomorphic

action of adv induces amomentum map (Example A.7)

𝐽
adv

: Σ→ 𝔛∗
div
(𝑊 ), (39)

which, by Proposition A.11, is an (anti-)Poisson map (Definition A.7).

In other words, Σ and 𝔛∗
div
(𝑊 ) share the same Poisson structure

through the change of variables of 𝐽
adv

. Therefore, the Hamiltonian

system (𝔛∗
div
(𝑊 ), 𝐻D ◦ I⊺) is equivalent to (Σ, 𝐻D ◦ I⊺ ◦ 𝐽adv

) in
the following sense.

Definition 4.3. 𝐻Σ := (𝐻D ◦ I⊺ ◦ 𝐽adv
) : Σ→ R.

Theorem 4.2. If a path 𝑠 : [0,𝑇 ] → Σ is a solution of the Hamiltonian
dynamical system (Σ, 𝐻Σ), then (𝐽adv

◦ 𝑠) : [0,𝑇 ] → 𝔛∗
div
(𝑊 ) is a

solution to the I-discrete Euler flow (𝔛∗
div
(𝑊 ), 𝐻D ◦ I⊺).

Proof. Appendix C.9. □

In other words, we can solve the I-discrete Euler equation (35)

by solving the following equation of motion for 𝑠 (𝑡) ∈ Σ.
Theorem 4.3. The equation of motion for the Hamiltonian system
(Σ, 𝐻Σ) is given by{

𝑑
𝑑𝑡
𝑠 (𝑡) = adv®𝑣 (𝑡 ) 𝑠 (𝑡), (40a)

®𝑣 (𝑡) = IP𝔅
div

★−1 I⊺ 𝐽
adv

𝑠 (𝑡). (40b)

Proof. Appendix C.10. □

Corollary 4.2. Any solution 𝑠 to (40) has the property that 𝐽
adv

𝑠 (𝑡)
and 𝐽

adv
𝑠 (0) lie on the same coadjoint orbit in 𝔛∗

div
(𝑊 ) for all 𝑡 .

In the work of Marsden and Weinstein [1983], the variable 𝑠 ∈ Σ
is called a Clebsch variable, and the Poisson map 𝐽

adv
is a Clebsch

representation [Chern et al. 2016, 2017; Yang et al. 2021]. We will see

in the following concrete instance of Σ that 𝑠 serves as a Lagrangian

marker. The change of variables from (35a) to (40) is similar to

changing an Eulerian coordinate to a Lagrangian coordinate in the

method of characteristics. We do emphasize that the construction

of (40) is more delicate than just devising a Lagrangian coordinate.

Properties such as Corollary 4.2 require the advection action on Σ
to be symplectomorphic, and the transfer function 𝐽

adv
to be the

derived momentum map associated to the symplectomorphic action.

4.4 A Choice for the Symplectic Space Σ
Here we describe a construction of Σ and the actions Adv, adv on Σ,
followed by deriving the associated momentum map 𝐽

adv
.
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4.4.1 Flow Action on Positions. Consider the space of material

positions

𝑄 = {®𝑥 : 𝑀 →𝑊 | ®𝑥 is volume preserving} (41)

where 𝑀 represents the material space (Lagrangian coordinate)

equipped with a volume form. One may identify𝑀 =𝑊 as the fluid

domain at 𝑡 = 0. We distinguish the notation for the space𝑀 from

𝑊 for clarity. The Lie group SDiff (𝑊 ) of volume preserving maps

on𝑊 acts on 𝑄 by flowing the particle

Adv
𝑄

: SDiff (𝑊 ) ×𝑄 → 𝑄, Adv
𝑄
𝜑 ( ®𝑥) = 𝜑 ◦ ®𝑥 . (42)

4.4.2 Lifted Action on the Cotangent Bundle. Now, neither 𝑄 is

a symplectic space nor Adv
𝑄
is a symplectomorphic action. But

starting from such a group action on the position space 𝑄 , we can

always lift the action to an action on the cotangent bundle Σ := 𝑇 ∗𝑄 .

It turns out that the cotangent bundle is symplectic, and the lifted

action is symplectomorphic. Precisely, the cotangent bundle is given

by

Σ = 𝑇 ∗𝑄 =

{
( ®𝑥, ®𝑢)

��� ®𝑥 : 𝑀 →𝑊, ®𝑢 : 𝑀 → 𝑇 ∗𝑊, ®𝑢p ∈ 𝑇 ∗®𝑥p𝑊
}
. (43)

That is, each element of the cotangent bundle is an assignment of

particle position ®𝑥p ∈𝑊 , and an assignment of a covector ®𝑢p ∈ 𝑇 ∗®𝑥p𝑊
based at ®𝑥p for each p ∈ 𝑀 . The cotangent bundle has a canonical

symplectic 2-form 𝜎 given by the exterior derivative 𝑑𝜗 of the

Liouville 1-form 𝜗 ∈ Ω1 (Σ) given by

𝜗 ( ®𝑥,®𝑢 )⟦( ˚®𝑥, ˚®𝑢)⟧ =
∫
𝑀

⟨®𝑢 | ˚®𝑥⟩ 𝑑𝜇, for ( ˚®𝑥, ˚®𝑢) ∈ 𝑇( ®𝑥,®𝑢 )Σ. (44)

The lifted action Adv: SDiff (𝑊 ) × Σ→ Σ from Adv
𝑄
is given by

Adv𝜑 ( ®𝑥, ®𝑢) =
(
𝜑 ◦ ®𝑥, (𝑑𝜑−1)∗®𝑢

)
(45)

where (𝑑𝜑−1)∗ is the adjoint of the inverse of the flow map 𝜑 . One

may check that Adv preserves the symplectic structure by checking

that it preserves the Liouville 1-form Adv
∗
𝜑 𝜗 = 𝜗 and that the

exterior derivative and pullbacks commute.

By taking the direction derivative of (45) with respect to 𝜑 at the

identity along a Lie algebra element ®𝑣 ∈ 𝔛
div

, we obtain the induced

infinitesimal action

adv®𝑣 ( ®𝑥, ®𝑢) =
(
®𝑣 | ®𝑥 ,−(∇®𝑣)

⊺
®𝑥 ®𝑢

)
∈ 𝑇( ®𝑥,®𝑢 )Σ. (46)

4.4.3 TheMomentumMap. Themomentummap 𝐽
adv

: Σ→ 𝔛∗
div
(𝑊 )

associated to this symplectomorphic action can be expressed explic-

itly using the Liouville form. At each ( ®𝑥, ®𝑢) ∈ Σ, the covector field
𝐽
adv
( ®𝑥, ®𝑢) ∈ 𝔛∗

div
(𝑊 ), when paired with an arbitrary ®𝑣 ∈ 𝔛

div
(𝑊 ),

is given by

⎷𝐽
adv
( ®𝑥, ®𝑢) |®𝑣⌄ = 𝜗 ( ®𝑥,®𝑢 )⟦adv®𝑣 ( ®𝑥, ®𝑢)⟧ =

∫
𝑀

⟨®𝑢 |®𝑣 ◦ ®𝑥⟩ 𝑑𝜇. (47)

From this expression, we conclude that

𝐽
adv
( ®𝑥, ®𝑢) = [𝜂] ∈ 𝔛∗

div
(𝑊 ) = Ω1 (𝑊 )/𝑑Ω0 (𝑊 ) (48)

where 𝜂 is uniquely defined by that ®𝑢 = 𝜂 ◦ ®𝑥 . See Fig. 12 for

illustration.

𝜑 ∈ SDiff(𝑊 )

acts on

𝐽
adv

𝔛∗
div
(𝑊 )

𝑄

Σ = 𝑇 ∗𝑄

Adv
𝑄
𝜑

Adv𝜑

Fig. 12. Mapping between Σ = 𝑇 ∗𝑄 , SDiff(𝑊 ), and 𝔛∗
div
(𝑊 ) .

4.5 Arrival at the CO-FLIP Equations
The CO-FLIP equation arises by substituting the setup of Section 4.4

in (40). To see it, let us unpack one final operator, ★−1I⊺ , in (40b).

4.5.1 The Map ★−1I⊺ 𝐽
adv

. In (40b) the momentum map 𝐽
adv

is

used only in conjunction with subsequent operator

★−1I⊺ : Ω1 (𝑊 ) → 𝔅. (49)

Here I⊺ is the adjoint of I : 𝔅→ 𝔛(𝑊 ). The map★−1I⊺ becomes

well-defined on 𝔛∗
div
(𝑊 ) = Ω1 (𝑊 )/𝑑Ω0 (𝑊 ) if it is always followed

by the pressure projection P𝔅
div

, which is indeed the case in (40b).

Remark 4.1. In fact, I⊺ 𝐽
adv

: Σ→ 𝔅∗
div

, which is the map from the
Lagrangian data Σ to the grid, is the momentum map associated to the
action (adv ◦I) : 𝔅

div
→ 𝔛𝜎 (Σ).

The following lemmas characterizes ★−1I⊺ and ★−1I⊺J
adv

as

the pseudoinverse of I.
Lemma 4.1. The map ★−1I⊺ : Ω1 (𝑊 ) → 𝔅 is the pseudoinverse of
♭ ◦ I : 𝔅→ Ω1 (𝑊 ) with respect to the 𝐿2 structure on 𝔛(𝑊 ) and its
dual Ω1 (𝑊 ):

★−1I⊺𝜂 = argmin

f∈𝔅

∫
𝑊

|I(f) − 𝜂♯ |2 𝑑𝜇. (50)

Lemma 4.2. The map ★−1I⊺ 𝐽
adv

: Σ→ 𝔅 is given by

★−1I⊺ 𝐽
adv
( ®𝑥, ®𝑢) = argmin

f∈𝔅

∫
𝑀

|I(f) ◦ ®𝑥 − ®𝑢 |2 𝑑𝜇. (51)

That is,★−1I⊺ 𝐽
adv

is the 𝐿2-projection of a vector field, represented by
the position–impulse field ( ®𝑥, ®𝑢), to the subspace 𝔅 of interpolatable
vector fields.

Proof. Appendix C.11. □

Definition 4.4. We define I+ := ★−1I⊺ and with slight abuse of
notation I+ := ★−1I⊺ 𝐽

adv
. In both cases, I+ : (·) → 𝔅 is an operator

that 𝐿2-orthogonally projects a smooth vector field to the subspace𝔅 of
interpolatable vector fields. The input vector field is either represented
as a vector or covector (through identification of ♭/♯) on either the
world𝑊 or material𝑀 coordinate (through identification of 𝐽

adv
)

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.



Fluid Implicit Particles on Coadjoint Orbits • 270:15

Particle
state space

𝔛∗
div
(𝑊 )

𝔛
div
(𝑊 )

I(𝔅
div
) I

𝔅
div

𝔅∗
div

I⊺

adv

𝐽
adv

Σ = 𝑇 ∗𝑄

𝐻𝐷

𝐻𝐷 ◦ I⊺

coadjoint
orbits

Fig. 13. Illustration of our CO-FLIP dynamical system solving the I-discrete
Euler equation; with finite particles approximating the phase space.

4.5.2 CO-FLIP on Continuous Material Space. Combining (40), (46),

and (51), we obtain an equation of motion for ®𝑥 (𝑡) : 𝑀 →𝑊 and

®𝑢 (𝑡) : 𝑀 → 𝑇 ∗𝑊 (with ®𝑢p ∈ 𝑇 ∗®𝑥p𝑊 )
𝑑
𝑑𝑡
®𝑥p (𝑡) = ®𝑣 | ®𝑥p (𝑡 ) p ∈ 𝑀 (52a)

𝑑
𝑑𝑡
®𝑢p (𝑡) = −(∇®𝑣 | ®𝑥p (𝑡 ) )

⊺ ®𝑢p (𝑡) p ∈ 𝑀 (52b)

®𝑣 = IP𝔅
div

I+ ( ®𝑥, ®𝑢) . (52c)

4.5.3 Time Discretization of CO-FLIP on Continuous Material Space.
Following the trapezoidal rule (19) we consider the time discretiza-

tion of (52) as the following Lie group integrator:
( ®𝑥, ®𝑢) (n+1) = Adv

𝛥𝑡
®𝑣 ( ®𝑥, ®𝑢)

(n)
(53a)

®𝑣 = I
(

1

2
(P𝔅

div

I+ ( ®𝑥, ®𝑢) (n) + P𝔅
div

I+ ( ®𝑥, ®𝑢) (n+1) )
)

(53b)

which is a map ( ®𝑥, ®𝑢) (n) ↦→ (®𝑥, ®𝑢) (n+1) on Σ. Here,

Adv
𝛥𝑡
®𝑣 := exp(𝛥𝑡 adv®𝑣) = Adv𝜑 (𝛥𝑡 ) (54)

is the symplectomorphic group action (45) where 𝜑 (𝛥𝑡) ∈ SDiff (𝑊 )
is the flow map generated by ®𝑣 over Δ𝑡 time span.

One may also strip away the instantiation of the symplectic space

Σ in Section 4.4, and observe that the time discretization (53) is a

special case of the following Lie group integrator for (40):
𝑠 (n+1) = exp(𝛥𝑡 adv®𝑣)𝑠 (n) = Adv𝜑 (𝛥𝑡 ) 𝑠

(n)
(55a)

®𝑣 = IP𝔅
div

I+
(

1

2
(𝐽

adv
𝑠 (n) + 𝐽

adv
𝑠 (n+1) )

)
(55b)

which is a map 𝑠 (n) ↦→ 𝑠 (n+1) generating a discrete sequence on Σ.

4.5.4 CO-FLIP on Finite Particles. In (52), the advection component

(52a) and (52b) are ODEs that hold for p ∈ P for any subset P ⊂ 𝑀 .

Let P ⊂ 𝑀 be a finite set of points, representing computational

particles. The restrictions ( ®𝑥, ®𝑢) : P → 𝑇 ∗𝑊 of ( ®𝑥, ®𝑢) : 𝑀 → 𝑇 ∗𝑊
are samples of the function ( ®𝑥, ®𝑢) : 𝑀 → 𝑇 ∗𝑊 on the fixed set of

points P. The only modification on the system (52) when restricting

the material space𝑀 to the finite set P is replacing I+ = ★−1I⊺ 𝐽
div

by the following approximation of (51)

ˆI+ ( ®𝑥, ®𝑢) := argmin

f∈𝔅

∑︁
p∈P
|I(f) ◦ ®𝑥p − ®𝑢♯p |2𝜇p . (56)

The weight 𝜇p represents the particle volume. This modification

results in the finite dimensional ODE system (14) and the algorithm

(19) in Section 3, as illustrated in Fig. 13.

In the discretization from (51) to (56), the 𝐿2
-integral

∫
𝑀
| · |2 𝑑𝜇 is

approximated by a finite sum

∑
p∈P | (·)p |2𝜇p. Other linear algebraic

properties about I+ remain true for
ˆI+.

Theorem 4.4. Suppose P ⊂ 𝑀 is sufficiently dense so that the mini-
mization (56) is unique. Then ˆI+ ( ®𝑥, ®𝑢) is a projection on the subspace
𝔅 from a smooth vector field represented by ( ®𝑥, ®𝑢). In particular, ˆI+ is
an exact left-inverse of I.

Proof. See Theorem 3.2. □

Note that the projection
ˆI+ is an orthogonal projection not

with respect to

∫
𝑀
| · |2 𝑑𝜇 but with respect to a perturbed met-

ric

∑
p∈P | (·)p |2𝜇p. In the infinite limit of P → 𝑀 , the projection

ˆI+ to 𝔅 is progressively closer to being 𝐿2
-orthogonal.

4.6 Properties of CO-FLIP
Corollary 4.3. Solutions ( ®𝑥 (𝑡), ®𝑢 (𝑡)) to the CO-FLIP equation (52)

on𝑀 are I-discrete Euler flow. In particular it preserves the energy
(𝐻D ◦I⊺ ◦ 𝐽adv

) ( ®𝑥 (𝑡), ®𝑢 (𝑡)) and 𝐽
adv
( ®𝑥 (𝑡), ®𝑢 (𝑡)) stays on a coadjoint

orbit.

Theorem 4.5. The integrator 𝑠 (n) → 𝑠 (n+1) by (55) exactly preserves
the energy E(𝑠) := 𝐻D◦I⊺◦𝐽adv

(𝑠) and exactly preserves the coadjoint
orbit for 𝐽

div
(𝑠).

Proof. Appendix C.12 □

Corollary 4.4. The integrator (53) exactly preserves the energy and
the coadjoint orbit.

Theorem 4.6. The finite dimensional CO-FLIP ODE system (14) and
the integrator (19) preserves the coadjoint orbit.

Proof. Appendix C.13 □

The systems (14) and (19) preserves the coadjoint orbit. However

the energy can drift depending on the approximation of the inte-

gral

∫
𝑀
| · |2 𝑑𝜇 by the summation

∑
p∈P | (·)p |2𝜇p, as described in

Section 3.5.

Theorem 4.7. The method (21) exactly preserves the coadjoint orbit
and the energy.

Proof. Appendix C.14. □

5 THEORY PART 2: MIMETIC INTERPOLATION
The theory of Section 4 and the resulting method of Section 3 rely

heavily on a divergence-free interpolation scheme I : 𝔅 ↩→ 𝔛(𝑊 ),
I : 𝔅

div
↩→ 𝔛

div
(𝑊 ). In this section, we describe the properties and

construction of I using B-splines.
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Fig. 14. Smoke plume 3D. At a fixed CFL number, with increasing spatiotem-
poral resolution, the vortical structures present in the smoke get denser and
more abundant. Note that our method produces increased vortical features,
reminiscing the fractal features seen in pyroclastic clouds. This behavior is
present even at a very low resolution of 32 × 64 × 32.

Highlights. A special quality of our divergence-free interpolation

is that the evaluation is explicit and local. This is in contrast to the

recent divergence-free interpolation methods [Chang et al. 2022;

Lyu et al. 2024] introduced in fluid simulations in computer graphics

that require a global streamfunction integration. Moreover, our

interpolation scheme is accompanied with a family of interpolation

schemes that are curl-consistent and gradient-consistent. These

interpolations are useful for implementation details such as building

various versions of pressure solvers.

Overview. Weemploy a family of mimetic interpolation schemes,

widely studied in isogeometric analysis and finite element exterior

calculus. These interpolation methods I𝑘 interpolate differential

𝑘 forms and commute with the exterior derivative operators. Our

divergence-free interpolation is the interpolation I𝑛−1 for (𝑛 − 1)-
forms (flux forms), followed by the canonical conversion between

a flux form and a vector field 𝑖®𝑣 (𝑑𝜇) ∈ Ω𝑛−1 (𝑊 ) ↔ ®𝑣 ∈ 𝔛(𝑊 ).
Closed flux form translates to divergence-free vector fields.

5.1 Mimetic interpolation
Let

𝐶0
d0−−→ 𝐶1

d1−−→ 𝐶2
d2−−→ · · · d𝑛−1−−−−→ 𝐶𝑛

(57)

be a real-coefficient cochain complex, where each 𝐶𝑘
is a finite

dimensional real vector space.
2
Each cochain space 𝐶𝑘

represents

the space of discrete 𝑘-forms, and the operators d𝑘 that satisfy the

cochain condition d𝑘+1d𝑘 = 0 are discrete exterior derivatives.

Definition 5.1 (Mimetic interpolation). A family of interpolation
schemesI𝑘 : 𝐶𝑘 → Ω𝑘 (𝑊 ) ismimetic if it commutes with the exterior
derivatives:

𝑑𝑘 (I𝑘a) = I𝑘+1 (d𝑘a) for all a ∈ 𝐶𝑘 , for all 𝑘 = 0, . . . , 𝑛 − 1. (58)

Here 𝑑𝑘 : Ω𝑘 (𝑊 ) → Ω𝑘+1 (𝑊 ) is the exterior derivative in the smooth
theory.

Diagrammatically, a mimetic interpolation relates a finite dimen-

sional cochain complex to the de Rham complex in the following

commutative diagram

𝐶0
d0 //

I0
��

𝐶1
d1 //

I1
��

𝐶2
d2 //

I2
��

· · · d𝑛−1 // 𝐶𝑛

I𝑛
��

Ω0
𝑑0 // Ω1

𝑑1 // Ω2
𝑑2 // · · · 𝑑𝑛−1 // Ω𝑛

(59)

5.1.1 Basis Representation. Let 𝛽𝑘i ∈ Ω𝑘 (𝑊 ), i = 1, . . . , dim(𝐶𝑘 ),
be a basis 𝑘-forms for I𝑘 (𝐶𝑘 ) ⊂ Ω𝑘 (𝑊 ) so that I𝑘 can be expressed

as a map that takes in a list of coefficients a = (𝑎1, . . . , 𝑎dim(𝐶𝑘 ) ),
representing an element of 𝐶𝑘

, to a 𝑘-form I𝑘 (a) ∈ Ω𝑘 (𝑊 ) by

I𝑘 (a) =
∑

dim(𝐶𝑘 )
i=1

𝑎i𝛽
𝑘
i . (60)

5.1.2 Galerkin Hodge Stars. The mimetic interpolations I𝑘 : 𝐶𝑘 →
Ω𝑘 (𝑊 ) induces a metric on 𝐶𝑘

from the 𝐿2
structure on Ω𝑘 (𝑊 ).

The 𝐿2
inner product between 𝜔1, 𝜔2 ∈ Ω𝑘 (𝑊 ) is given by

⎷𝜔1, 𝜔2⌄Ω𝑘 (𝑊 ) =
∫
𝑊

𝜔1 ∧ ∗𝜔2, (61)

where ∗ is the Hodge star in the smooth theory. The induced inner

product structure on 𝐶𝑘
is a positive definite self-adjoint operator

★𝑘 : 𝐶𝑘 → 𝐶𝑘∗
, where 𝐶𝑘∗

is the dual space of 𝐶𝑘
, so that

a⊺ ★𝑘 b = ⟨a| ★𝑘 b⟩ = ⎷I𝑘a,I𝑘b⌄Ω𝑘 (𝑊 ) , ∀ a, b ∈ 𝐶
𝑘 . (62)

In basis expression, ★𝑘 is the inner product matrix with entries

(★𝑘 )ij = ⎷𝛽𝑘i , 𝛽𝑘j ⌄Ω𝑘 (𝑊 ) . (63)

5.1.3 General Construction. There are general constructions for
mimetic interpolations starting with a scalar function interpolant

I0 : 𝐶0 → Ω0 (𝑊 ). An interpolantI0 : 𝐶0 → Ω0 (𝑊 ) is said to satisfy
partition of unity if there exists a ∈ 𝐶0

such that I0a = 1. Hiemstra

et al. [2014] showed that any interpolant I0 which satisfies partition

of unity would create a series of interpolants I𝑘 for all 𝑘-forms that

satisfies the mimetic property. As such, there are many families of

mimetic interpolations, such as the ones based on B-splines [Buffa

2
Do not confuse the cochain space 𝐶𝑘

with the space C𝑘 of 𝑘-time continuously

differentiable functions.
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et al. 2011], Lagrange interpolating polynomials [Gerritsma 2010],

and radial basis functions [Narcowich and Ward 1994; Drake et al.

2021].

We take B-splines as our choice of mimetic interpolation, similar to

the works of [Buffa et al. 2011]. B-splines are piece-wise polynomial,

local and compactly supported, non-negative, and are common in

the MPM works in computer graphics [Jiang et al. 2016].

5.2 Univariate B-Spline Mimetic Interpolation
Mimetic interpolation for B-splines in multidimensions are built

from mimetic univariate B-splines. We first give an overview of

basic properties of univariate B-splines. See also [Hughes et al. 2005]

for detailed theory of B-splines.

Basis splines (B-splines) are piecewise polynomial functions of a

given degree with maximal smoothness and minimal support [Curry

and Schoenberg 1947, 1966]. On a 1-dimensional parameter domain,

consider a knot sequence 𝜉1 ≤ 𝜉2 ≤ · · · partitioning the domain into

pieces separated by the knots.

Definition 5.2 (B-splines). The i-th degree-𝑝 B-spline 𝐵𝑝i is a piece-
wise degree-𝑝 polynomial supported over interval [𝜉i, 𝜉i+𝑝+1] defined
recursively by the Cox–de Boor formula [Cox 1972; De Boor 1972]

𝐵
𝑝

i (𝑡) := 𝜒
𝑝

i (𝑡)𝐵
𝑝−1

i (𝑡) +
(
1 − 𝜒

𝑝

i+1 (𝑡)
)
𝐵
𝑝−1

i+1 (𝑡), 𝑝 ≥ 1, (64a)

𝐵0

i (𝑡) :=

{
1, 𝑡 ∈ [𝜉i, 𝜉i+1),
0, otherwise,

𝜒
𝑝

i (𝑡) :=
𝑡 − 𝜉i

𝜉i+𝑝 − 𝜉i
. (64b)

When we use B-splines with a maximal polynomial degree 𝑝 over

a compact parameter domain [0, 1], we set the knot set Ξ = (𝜉1 ≤
𝜉2 ≤ · · · ≤ 𝜉𝑁+𝑝+1) as

0 = 𝜉1 = · · · = 𝜉𝑝+1 < 𝜉𝑝+2 < · · ·
· · · < 𝜉𝑁 < 𝜉𝑁+1 = · · · = 𝜉𝑁+𝑝+1 = 1.

(65)

The number 𝑁 +𝑝 +1 of knots correspond to the count that there are

𝑁 B-splines of degree 𝑝 , {𝐵𝑝
1
, . . . , 𝐵

𝑝

𝑁
}, using which we represent an

interpolated function from 𝑁 coefficients f = (𝑓1, . . . , 𝑓𝑁 ) ∈ 𝐶0 =

R𝑁
:

(I0f) (𝑡) :=

𝑁∑︁
i=1

𝑓i𝐵
𝑝

i (𝑡). (66)

In (65), the multiplicity of coinciding knots at the end points ensures

that the boundary coefficients 𝑓1, 𝑓𝑁 are interpolated: (I0f) (0) = 𝑓1
and (I0f) (1) = 𝑓𝑁 .

The (exterior) derivative of a B-spline is remarkably a linear

combination of lower order B-splines:

𝑑𝐵
𝑝

i (𝑡) =
(
𝐷
𝑝−1

i (𝑡) − 𝐷𝑝−1

i+1 (𝑡)
)
𝑑𝑡, (67)

where 𝐷
𝑝−1

i (𝑡) is known as the Curry–Schoenberg basis, or M-

splines [Curry and Schoenberg 1966], defined as follows.

Definition 5.3 (Curry–Schoenberg M-splines). The i-th degree-(𝑝 −
1) Curry–Schoenberg M-spline 𝐷𝑝−1

i is a rescale of the corresponding
B-spline, given by

𝐷
𝑝−1

i (𝑡) :=

{
𝑝

𝜉i+𝑝−𝜉i 𝐵
𝑝−1

i (𝑡) 𝜉i+𝑝 > 𝜉i

0 𝜉i+𝑝 = 𝜉i .
(68)

Fig. 15. Smoke plume in two dimensions. We demonstrate an abundance
of vortical structures using our method (CO-FLIP), in the evolution of a
buoyant material traveling upwards in a closed box.

In the setup of (65), the formula (67) holds for all i = 1, . . . , 𝑁 ,

with 𝐷
𝑝−1

1
(𝑡) = 𝐷

𝑝−1

𝑁+1 (𝑡) = 0.

In this one-dimensional setting, we obtain the mimetic interpola-

tion property as we now show. Define the space 𝐶1
of 1-cochains as

R𝑁−1
. Let d0

: 𝐶0 = R𝑁 → 𝐶1 = R𝑁−1
be the discrete differential

operator given by

(d0f)i = fi − fi−1 . (69)

Define the interpolation for 1-forms I1 : 𝐶1 → Ω1 ( [0, 1]) as

I1a =

𝑁∑︁
i=2

𝑎i𝐷
𝑝−1

i (𝑡) 𝑑𝑡 . (70)

Then we have the following mimetic interpolation property.

Proposition 5.1 (Mimetic interpolation in 1D). 𝑑 (I0f) = I1 (d0f)
for all f ∈ 𝐶0 = R𝑁 .

Proof. 𝑑 (I0f) = 𝑑 (∑𝑁
i=1

𝑓i𝐵
𝑝

i ) =
∑𝑁
i=1

𝑓i𝑑𝐵
𝑝

i
(67)

=
∑𝑁
i=1

𝑓i (𝐷
𝑝−1

i −
𝐷
𝑝−1

i+1 )𝑑𝑡 =
∑𝑁
𝑖=2
(d0f)i𝐷

𝑝−1

i 𝑑𝑡 = I1 (d0f). □

Remark 5.1. The discrete 0-forms, 1-forms, and exterior derivative
(69) are related to each other in a similar fashion as in Discrete Exterior
Calculus (DEC). However, we only think of the data f ∈ 𝐶0 and a ∈ 𝐶1

as abstract coefficients, instead of the evaluation or integration of
differential forms on a particular grid.

Remark 5.2. The parameter domain [0, 1] is mapped to a physi-
cal domain [𝑥min, 𝑥max] linearly by an affine function 𝑥 : [0, 1] →
[𝑥min, 𝑥max]. This function 𝑥 (𝑡) can be represented using B-spline
𝑥 (𝑡) = (I0x) (𝑡) using a particular list of coefficients x = (𝑥1, . . . , 𝑥𝑁 ) ∈
𝐶0. These coefficients 𝑥i can be regarded as the effective grid points
in the physical space, called the Greville grid. Note that x is in gen-
eral not uniformly spaced near the boundary, contrary to common
computation grids adopted in fluid simulations.

5.3 Multivariate B-Spline Mimetic Interpolation
We now consider B-spines in 𝑛 dimension. We will demonstrate the

construction for 𝑛 = 3, whose pattern is easy to generalize to other
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dimensions. For general constructions, see [Evans and Hughes 2013;

Kapidani and Hernandez 2022].

Consider three knot sets Ξ𝑥 ,Ξ𝑦,Ξ𝑧 , each of which is a list like

(65) with size 𝑁𝑥 + 𝑝 + 1, . . . , 𝑁𝑧 + 𝑝 + 1. By the construction de-

picted in Section 5.2, we obtain three families {𝐵𝑝
𝑥,1

, . . . , 𝐵
𝑝

𝑥,𝑁𝑥
},

{𝐵𝑝
𝑦,1

, . . . , 𝐵
𝑝

𝑦,𝑁𝑦
}, {𝐵𝑝

𝑧,1
, . . . , 𝐵

𝑝

𝑧,𝑁𝑧
} of degree-𝑝 B-splines, and three

families {𝐷𝑝−1

𝑥,2
, . . . , 𝐷

𝑝−1

𝑥,𝑁𝑥
}, {𝐷𝑝−1

𝑦,2
, . . . , 𝐷

𝑝−1

𝑦,𝑁𝑦
}, {𝐷𝑝−1

𝑧,2
, . . . , 𝐷

𝑝−1

𝑧,𝑁𝑧
}

of degree-(𝑝 − 1) Curry–Schoenberg M-splines, respectively over

Ξ𝑥 ,Ξ𝑦,Ξ𝑧 .
Now consider an abstract grid with 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 vertices. Sim-

ilar to the discussion in Remark 5.1, this grid is a grid of coeffi-
cients that admits a discrete topology identical to a DEC grid.

Define 𝐶0
:= R𝑁𝑥𝑁𝑦𝑁𝑧 = {(𝑔ijk)1≤i≤𝑁𝑥 ,1≤j≤𝑁𝑦 ,1≤k≤𝑁𝑧

} where
elements are numbers assigned to the vertices of the grid. Like-

wise, define 𝐶1
:= R(𝑁𝑥−1)𝑁𝑦𝑁𝑧 ⊕ R𝑁𝑥 (𝑁𝑦−1)𝑁𝑧 ⊕ R𝑁𝑥𝑁𝑦 (𝑁𝑧−1)

where elements ((ℎ𝑥ijk), (ℎ
𝑦

ijk), (ℎ
𝑧
ijk)) are values assigned to edges,

𝐶2
:= R𝑁𝑥 (𝑁𝑦−1) (𝑁𝑧−1) ⊕ R(𝑁𝑥−1)𝑁𝑦 (𝑁𝑧−1) ⊕ R(𝑁𝑥−1) (𝑁𝑦−1)𝑁𝑧

where elements ((𝑓 𝑥ijk), (𝑓
𝑦

ijk), (𝑓
𝑧
ijk)) are values assigned to faces, and

𝐶3
:= R(𝑁𝑥−1) (𝑁𝑦−1) (𝑁𝑧−1)

where elements (𝑟ijk)2≤i≤𝑁𝑥 ,...,2≤k≤𝑁𝑧

are values assigned to cells. By the boundary relationship between

the vertices, edges, faces, and cells, construct the standard discrete

de Rham complex in the DEC framework

𝐶0
d0−−→ 𝐶1

d1−−→ 𝐶2
d2−−→ 𝐶3

(71a)

d0g = (𝝏𝑥g, 𝝏𝑦g, 𝝏𝑧g) (71b)

d1 (h𝑥 , h𝑦, h𝑧) = (𝝏𝑦h𝑧 − 𝝏𝑧h𝑦, 𝝏𝑧h𝑥 − 𝝏𝑥h𝑧 , 𝝏𝑥h𝑦 − 𝝏𝑦h𝑥 ) (71c)
d2 (f𝑥 , f𝑦, f𝑧) = (𝝏𝑥 f𝑥 + 𝝏𝑦f𝑦 + 𝝏𝑧f𝑧), (71d)

where 𝝏𝑥 , 𝝏𝑦, 𝝏𝑧 are the coordinate difference operators

(𝝏𝑥 ·)ijk := (·)ijk − (·) (i−1)jk, (𝝏𝑦 ·)ijk := (·)ijk − (·)i(j−1)k, (72a)

(𝝏𝑧 ·)ijk := (·)ijk − (·)ij(k−1) . (72b)

Note that 𝐶2
is the MAC grid for velocity flux data on faces, and d2

is the discrete divergence operator.

Define I0 : 𝐶0 → Ω0 ( [0, 1]3) by

(I0g) (𝑡1,𝑡2,𝑡3 ) :=
∑𝑁𝑥

i=1

∑𝑁𝑦

j=1

∑𝑁𝑧

k=1
𝑔ijk𝐵

𝑝

𝑥,i (𝑡1)𝐵
𝑝

𝑦,j (𝑡2)𝐵
𝑝

𝑧,k (𝑡3), (73)

which is the tensor product B-spline interpolation for scalar func-

tions. Now, instead of employing the common treatment of interpo-

lating 𝑘-forms (𝑘 ≥ 1) by the same tensor product B-spline basis such

as in tri-quadratic or tri-cubic interpolation schemes, one replaces

the B-spline functions by the Curry–Schoenberg spline functions

for those directions where the edge/face/cell spans a width. That is,

define I1 : 𝐶1 → Ω1 ( [0, 1]3) by

(I1 (h𝑥 , h𝑦, h𝑧)) (𝑡1,𝑡2,𝑡3 )

:=
∑𝑁𝑥

i=2

∑𝑁𝑦

j=1

∑𝑁𝑧

k=1
ℎ𝑥ijk𝐷

𝑝−1

𝑥,i (𝑡1)𝐵
𝑝

𝑦,j (𝑡2)𝐵
𝑝

𝑧,k (𝑡3) 𝑑𝑡1

+∑𝑁𝑥

i=1

∑𝑁𝑦

j=2

∑𝑁𝑧

k=1
ℎ
𝑦

ijk𝐵
𝑝

𝑥,i (𝑡1)𝐷
𝑝−1

𝑦,j (𝑡2)𝐵
𝑝

𝑧,k (𝑡3) 𝑑𝑡2

+∑𝑁𝑥

i=1

∑𝑁𝑦

j=1

∑𝑁𝑧

k=2
ℎ𝑧ijk𝐵

𝑝

𝑥,i (𝑡1)𝐵
𝑝

𝑦,j (𝑡2)𝐷
𝑝−1

𝑧,k (𝑡3) 𝑑𝑡3, (74)

I2 : 𝐶2 → Ω2 ( [0, 1]3) by

(I2 (f𝑥 , f𝑦, f𝑧)) (𝑡1,𝑡2,𝑡3 )

:=
∑𝑁𝑥

i=1

∑𝑁𝑦

j=2

∑𝑁𝑧

k=2
𝑓 𝑥ijk𝐵

𝑝

𝑥,i (𝑡1)𝐷
𝑝−1

𝑦,j (𝑡2)𝐷
𝑝−1

𝑧,k (𝑡3) 𝑑𝑡2 ∧ 𝑑𝑡3

+∑𝑁𝑥

i=2

∑𝑁𝑦

j=1

∑𝑁𝑧

k=2
𝑓
𝑦

ijk𝐷
𝑝−1

𝑥,i (𝑡1)𝐵
𝑝

𝑦,j (𝑡2)𝐷
𝑝−1

𝑧,k (𝑡3) 𝑑𝑡3 ∧ 𝑑𝑡1

+∑𝑁𝑥

i=2

∑𝑁𝑦

j=2

∑𝑁𝑧

k=1
𝑓 𝑧ijk𝐷

𝑝−1

𝑥,i (𝑡1)𝐷
𝑝−1

𝑦,j (𝑡2)𝐵
𝑝

𝑧,k (𝑡3) 𝑑𝑡1 ∧ 𝑑𝑡2, (75)

and I3 : 𝐶3 → Ω3 ( [0, 1]3) by

(I3r) (𝑡1,𝑡2,𝑡3 ) (76)

:=
∑𝑁𝑥

i=2

∑𝑁𝑦

j=2

∑𝑁𝑧

k=2
𝑟ijk𝐷

𝑝−1

𝑥,i (𝑡1)𝐷
𝑝−1

𝑦,j (𝑡2)𝐷
𝑝−1

𝑧,k (𝑡3) 𝑑𝑡1 ∧ 𝑑𝑡2 ∧ 𝑑𝑡3 .

This construction ensures the mimetic property.

Theorem 5.1 (Mimetic interpolation in 3D). 𝑑 (I𝑘a) = I𝑘+1 (d𝑘a)
for all a ∈ 𝐶𝑘 , 𝑘 = 0, 1, 2.

Proof. Express the continuous exterior derivative of a differ-

ential form 𝜔 =
∑
𝐼 𝜔𝐼𝑑𝑡𝐼 , where 𝐼 is some multi-index, as 𝑑𝜔 =∑

𝐼
𝜕𝜔𝐼

𝜕𝑡1

𝑑𝑡1∧𝑑𝑡𝐼 + 𝜕𝜔𝐼

𝜕𝑡2

𝑑𝑡2∧𝑑𝑡𝐼 + 𝜕𝜔𝐼

𝜕𝑡3

𝑑𝑡3∧𝑑𝑡𝐼 . The partial derivatives
boil down to differentiating univariate 𝐵-splines where (67) applies.

Identical to the proof of Proposition 5.1, one performs a summa-

tion by parts to arrive at an expression in terms of the coordinate

differences (72) of the coefficients. □

5.3.1 Map to Physical Space. The formulas (73)–(76) interpolate a

cochain ∈ 𝐶𝑘
to a differential form ∈ Ω𝑘 ( [0, 1]3) on the canonical

parameter domain [0, 1]3, which is yet to be a physical domain𝑊 =

[𝑥min, 𝑥max] × [𝑦min, 𝑦max] × [𝑧min, 𝑧max]. To interpolate cochains

into the physical domain, it suffices to apply the linear change of

variable as described in Remark 5.2. The explicit change of variables

are

𝑡1 =
𝑥−𝑥min

𝑥max−𝑥min

, 𝑡2 =
𝑦−𝑦min

𝑦max−𝑦min

, 𝑡3 =
𝑧−𝑧min

𝑧max−𝑧min

, (77)

𝑑𝑡1 = 𝑑𝑥
𝑥max−𝑥min

, 𝑑𝑡2 =
𝑑𝑦

𝑦max−𝑦min

, 𝑑𝑡3 = 𝑑𝑧
𝑧max−𝑧min

. (78)

5.3.2 Divergence-Free Interpolation. In 3D, we let 𝔅 = 𝐶2
, dis-

crete divergence operator d = d2, and I = ♯ ◦ ∗ ◦ I2. The map

I2 : 𝔅→ Ω2 (𝑊 ) takes values in a continuous 2-form, the Hodge

star ∗ converts it into a 1-form, and ♯ makes the final conversion into

a vector field 𝔛(𝑊 ). The divergence-free subspace 𝔅
div

= ker(d2)
maps to closed 2-forms thanks to the mimetic property; closed

2-form corresponds to divergence-free vector fields ∈ 𝔛
div
(𝑊 ).

5.3.3 Choice of Knots. While the theory works for arbitrary knot

sequence (65), we let the interior knots 𝜉𝑝+2, . . . , 𝜉𝑁 be evenly spaced

in [0, 1] for each dimension. This choice is for the simplicity of index

query. This uniform knot grid is called the Bézier grid, which is not

to be confused with the Greville grid (cf. Remark 5.2). Bézier grid is

used for deciding which B-splines have support at a given particle

location, whereas the concept of Greville grids do not appear in

implementation.

5.3.4 Choice of Degree. We choose the degree of the mimetic in-

terpolation to be 𝑝 = 3. That is, for the velocity interpolation I2
from 𝐶2

to Ω2 (𝑊 ), the interpolation basis is a mixture of cubic

B-splines and quadratic B-splines. This is the minimal degree for the
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64 × 64 and Δ𝑡 = 1/18𝑠 128 × 128 and Δ𝑡 = 1/36𝑠 256 × 256 and Δ𝑡 = 1/72𝑠
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Fig. 16. 2D vortex sheet under spatiotemporal refinement. We compare CO-
FLIP method (ours) against state-of-the-art method CF+PolyFLIP. Note that
CO-FLIP produces more turbulent vortical structures at every resolution.
Further, the lower resolution CO-FLIP results show similar qualitative
behavior to higher resolutions of the previous method.

corresponding interpolated velocity to have a C1
continuity, which

is required for computing (14b).

5.3.5 Inclusion of Arbitrary Obstacles. While the mimetic inter-

polation detailed in this section works for boxed domain 𝑊 =

[𝑥min, 𝑥max] × [𝑦min, 𝑦max] × [𝑧min, 𝑧max], one can include arbitrary

obstacles in it. This can be achieved by modifying the Galerkin

Hodge star ★ induced by I : 𝔅 → 𝔛(𝑊 ). Set the kinetic energy
1

2
f⊺ ★ f = ∥I(f)∥2 to infinity if the support of the vector field I(f)

overlaps with the interior of the obstacle. This amounts to modifying

the Galerkin Hodge star by surrounding it with a diagonal masking

matrix ★̃ = 𝚲 ★ 𝚲, where 𝚲 = diag(𝜆1, . . . , 𝜆dim(𝔅) ), 𝜆i = ∞ if the

basis vector field
®𝑏i ∈ 𝔛(𝑊 ) (cf. (9)) overlaps with the obstacle, and

otherwise 𝜆i = 1. In the CO-FLIP dynamics, the Galerkin Hodge

star appears in the pressure projection (12) in the inverse form

★̃
−1

= V★−1 V, where V = 𝚲
−1 = diag(𝑉1, . . . ,𝑉dim(𝔅) ), 𝑉i = 0 in

the obstacle and otherwise 𝑉i = 1. According to how Hodge star

appears in (12), this is effectively removing the columns of d that is

incident to an obstacle.

In practice, to include obstacles, we keep the Galerkin Hodge star

unchanged and, instead, remove the entries from d associated with

𝔅 = 𝐶2
grid elements incident to the obstacles.

6 IMPLEMENTATION DETAILS
This section provides practical notes on improving CO-FLIP in terms

of computational robustness and efficiency. Additionally, notes on

Casimir measurements are included.

6.1 Pressure Projection
For the clarity of exposition of this discussion, wewill use the cochain

notation in Section 5 for 𝑛-dimension. In particular 𝔅 = 𝐶𝑛−1
and

𝔅
div

= ker(d𝑛−1).
The pressure projection operator P𝔅

div

: 𝐶𝑛−1 → ker(d𝑛−1) (i.e.
𝔅 → 𝔅

div
) acts on the space of MAC-grid flux data f ∈ 𝐶𝑛−1

.

However, unlike the classical central difference Poisson solve em-

ployed for most fluid simulators on MAC-grids, the Laplacian

(d𝑛−1 ★
−1

𝑛−1
d⊺
𝑛−1
) in (12), or

Solve (d𝑛−1 ★
−1

𝑛−1
d⊺
𝑛−1
)p = d𝑛−1f for p ∈ 𝐶𝑛∗

(79a)

Update fnew ← f −★−1

𝑛−1
d⊺
𝑛−1

p, (79b)

involves a dense inverse matrix ★−1

𝑛−1
of a non-diagonal Galerkin

Hodge star. Explicitly, building and storing this inverse Hodge star

or the Laplace matrix would be memory infeasible.

Section 6.1.1–Section 6.1.3 are three ways to avoid explicitly

inverting the Galerkin Hodge star.

6.1.1 Matrix-Free Pressure Projection. When solving this Poisson

problem (79a) using a conjugate gradient (CG) method, one could

use a matrix-free operation which only involves evaluating the the

Laplace operator (d𝑛−1 ★
−1

𝑛−1
d⊺
𝑛−1
) acting on a vector. This at most

involves a linear solve for evaluating★−1

𝑛−1
acting on a vector, which

can once again be computed by a CG that only involves actions by

★𝑛−1.

Here★𝑛−1 can also be implemented matrix-free since most entries

of this inner product matrix are identical due to the regularity of the

grid (Section 5.3.3).

6.1.2 Fourier Domain. If the fluid domain𝑊 is a periodic domain,

then the Fourier spectral method applies. The Fast Fourier Transform

(FFT) diagonalizes all Galerkin Hodge stars ★0, . . . ,★𝑛 and discrete

exterior derivatives d0, . . . , d𝑛−1. Hence (79) only amounts to an

elementwise arithmetic operation. FFT and its inverse are the only

costs for the pressure solve.

6.1.3 Streamform Solve. The projection (79) can also be computed

using a streamform (streamfunction). Let us assume that the fluid

domain𝑊 is simply connected. We will discuss the case of non-

simply-connected domains in Remark 6.1.

On simply connected domains, the projected flux fnew ∈ ker(d𝑛−1)
is in the image of d𝑛−2; i.e. f = d𝑛−2𝝍 for some streamform
𝝍 ∈ 𝐶𝑛−1

that vanishes at the boundary. For 𝑛 = 2, the boundary

condition is a zero Dirichlet boundary condition for the stream-

function 𝝍 ∈ 𝐶0
, and for 𝑛 = 3, the stream 1-form vanishes on the

edges that are contained in the boundary. This latter condition in

3D corresponds to the fact that the streamform as a vector field is

normal to the boundary. These boundary values are easy to impose

thanks to the boundary-interpolating property of the knot sequence

(65). We let the boundary condition be denoted by 𝝍 |𝜕𝑊 = 0.
Now, the equation satisfied by 𝝍 is the Poisson system

(d⊺
𝑛−2

★𝑛−1 d𝑛−2)𝝍 = d⊺
𝑛−2

★𝑛−1 f, 𝝍 |𝜕𝑊 = 0. (80)

For 𝑛 = 2 the equation (80) becomes (d⊺
0
★1 d0)𝝍 = d⊺

0
★1 f which

is a scalar Poisson equation with Dirichlet boundary, which has a

unique solution. Note that this is a sparse linear solve as there is no

involvement of the inverse of any Galerkin Hodge star.

In 3D, however, (d⊺
1
★2 d1) has a kernel, being the image of d0. A

standard treatment in Discrete Exterior Calculus is to fix this gauge

degree of freedom by replacing (d⊺
1
★2 d1) (discrete 𝛿𝑑) by the full

Hodge Laplacian (d⊺
1
★2 d1 + ★1d0 ★

−1

0
d⊺

0
★1) (discrete 𝛿𝑑 + 𝑑𝛿).

Notice that this treatment would introduce the inverse of a Galerkin

Hodge star. However, by the following theorem, we point out that
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the gauge-fixing term★1d0 ★
−1

0
d⊺

0
★1 does not require that the stars

are Galerkin. In fact, all the ★’s in the gauge-fixing term can be

replaced by any symmetric positive definite matrix (e.g. the identity
matrix) without changing the equality (80).

Theorem 6.1. In 3D, the solution 𝝍 ∈ 𝐶1 to

(d⊺
1
★2 d1 + Ad0Bd

⊺
0
A)𝝍 = d⊺

1
★2 f, 𝝍 |𝜕𝑊 = 0 (81)

satisfies (d⊺
1
★2 d1)𝝍 = d⊺

1
★2 f , where A,B are arbitrary symmetric

positive definite matrices.

Proof. Suppose 𝝍 is a solution to (81). Multiplying 𝝍⊺Ad0Bd
⊺
0

from the left on (81) and noting that d⊺
0
d⊺

1
= 0, one obtains

𝝍⊺Ad0Bd
⊺
0
Ad0Bd

⊺
0
A𝝍 = 0. (82)

This implies d0Bd
⊺
0
A𝝍 = 0. Therefore (81) implies (d⊺

1
★2 d1)𝝍 =

d⊺
1
★2 f . □

In practice we solve the following system in 3D.

Solve (d⊺
1
★2 d1 + d0d

⊺
0
)𝝍 = d⊺

1
★2 f, 𝝍 |𝜕𝑊 = 0, (83a)

Update fnew ← d1𝝍 . (83b)

Importantly this is a sparse linear solve as there is no more involve-

ment of any inverse Galerkin Hodge star.

Remark 6.1 (Non-simply-connected domains). If the domain is non-
simply-connected, then we have fnew = d𝑛−2𝝍+h for some cohomology
component h. Here h ∈ H𝑛−1

:= {d𝑛−2𝝍 | 𝝍 |𝜕𝑊 = 0}⊥ ∩ ker(d𝑛−1)
is some divergence-free form that is orthogonal to streamform fields.
The spaceH𝑛−1 is finite dimensional. Elements ofH𝑛−1 are close to
harmonic: after interpolation I𝑛−1 they are exactly divergence-free but
not exactly curl-free [Roy-Chowdhury et al. 2024]. Nevertheless this
space serves as a representative for the cohomology space. To obtain
this cohomology component h ∈ H𝑛−1 in fnew = d𝑛−2𝝍 + h, simply
orthogonally project f toH𝑛−1.

Note that we do not need to evolve the cohomology component h as
described in [Yin et al. 2023]. In contrast to a vorticity method that
requires evolving the cohomology component, the field f comes from a
particle covector field, whose advection encodes the correct dynamics
in its cohomology.

6.1.4 Acceleration for Linear Solves. To speed up the involved CG

solve for (83a), we employ a preconditioner. We use a geometric

multi-grid (GMG) for the Poisson problem on 1-cochains 𝐶1
defined

over edges. Similar speed-ups have previously been proposed for

solvers involving the face elements [Aanjaneya et al. 2019]. For

this, we require two operators: the prolongator, which involves the

operation of assigning values to a finer resolution grid, and the

restrictor, which entails the inverse operation, where coarser edges

are used to reconstruct values on a finer mesh. These prolongator and

restrictor operators can be constructed by the B-spline interpolation

and its pseudoinverse, which can inherit any order of accuracy

from the choice of mimetic B-spline interpolations. This method is

reminiscent of the works of [Bell 2008] where they perform such

operations for Algebraic multigrid methods, and to the work of

[De Goes et al. 2016] of extending DEC machinery to subdivision

surfaces. For simplicity and to increase the sparsity of coarser-

level Laplacians, we choose the lowest accuracy for a mimetic

prolongation (i.e. B-spline degree 𝑝 = 1). Additionally, we perform a

row-wise lumping of the restrictor (aka pseudoinverse interpolation)

operation to lower the cost of restriction operator. Note that such

approximations do not lower the accuracy of the CG solve as these

approximations are used only for the preconditioner. With the

preconditioner added, the number of iterations for the PCG solver

to converge is roughly reduced by three times.

6.2 Adding Pressure Force Back to Particles
In the classical FLIP method, one adds the interpolated pressure

force inferred from the pressure projection step to the particle’s

momentum/impulse. We can do so in the continuous theory, since

the particle impulse ®𝑢 has a gauge degree of freedom by addition of

the gradient of a scalar field (cf. (6) and (26)). Adding the interpo-

lated pressure force to particles can keep ( ®𝑥p, ®𝑢p)p∈P close to being

divergence-free. Close to being divergence-free helps maintaining

the stability of the overall method.

Here, we describe two methods (Sections 6.2.1 and 6.2.2) of adding

pressure force back to particles. Let us denote the pressure force on

the grid by 𝝉 := fnew − f ∈ 𝐶𝑛−1
during a pressure solve (by (79) or

(83)).

6.2.1 Divergence-Consistent Interpolation of Pressure Force. We can

add the pressure force on the particle impulse data (®𝑢p)p∈P by

interpolating the pressure force as a flux form

®𝑢p ← ®𝑢p + (I𝑛−1𝝉 )®𝑥p . (84)

Remarkably, this modification (84) does not modify the vector field

®𝑣 ∈ 𝔛
div
(𝑊 ) in (14c), using the fact (16) that

ˆI+ is a left-inverse
of I. Spelling it out, observe that the modification (84) modifies

ˆI+ ( ®𝑥p, ®𝑢p)p∈P by 𝝉 = − ★−1

𝑛−1
d⊺
𝑛−1

p ∈ 𝔅⊥
div

(cf. (79b)) which is

exactly removed by P𝔅
div

. As a consequence, the addition of (84)

does not affect energy conservation.

The caveat of (84) is that I𝑛−1𝝉 as a continuous vector field is not

an exact gradient of a continuous function (or a curl-free field). Note

that the mimetic guarantee for I𝑛−1 is that it commutes with the

exterior derivative for flux form, which is the divergence operator.

In particular (84) may modify the state of 𝐽
adv
( ®𝑥, ®𝑢) ∈ 𝔛∗

div
(𝑊 ) =

Ω1 (𝑊 )/𝑑Ω0 (𝑊 ) in such a way that changes the coadjoint orbit.

In practice, on a simulation grid with a decent resolution, the

high-order interpolation I𝑛−1𝝉 of a discrete gradient field 𝝉 =

−★−1

𝑛−1
d⊺
𝑛−1

p is still close to a continuous gradient field. We observe

that its effects on the coadjoint orbit preservation and Casimir

conservation are minimal (see Figures 21 and 23).

6.2.2 Curl-Consistent Interpolation of Pressure Force. Another op-
tion for adding pressure force 𝝉 back to the particles is to treat the

force as a discretely exact 1-form. In that case, its interpolation by

I1, which commutes with curl, will be exact (and curl free). There-

fore, the addition of pressure does not affect the coadjoint orbit.

To do so for a given 𝝉 ∈ 𝐶𝑛−1
, first interpolate it to the particles

®𝜏p = (I𝑛−1𝝉 )®𝑥p and then inverse-interpolate back to a discrete 1-

form 𝝉̃ := ˆI+
1
( ®𝑥p, ®𝜏p)p∈P ∈ 𝐶1

. This 𝝉̃ ∈ 𝐶1
is the discrete 1-form

that best shares the same interpolated vector field with the original

𝝉 ∈ 𝐶𝑛−1
. Note that 𝝉̃ is not necessarily exact (d0 of a scalar field).

So, perform a Poisson reconstruction p̃ = (d⊺
0
★1 d0)−1d⊺

0
★1 𝝉̃ to

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.



Fluid Implicit Particles on Coadjoint Orbits • 270:21

0 1 2 3 4

1

1.01

1.02

1.03

Time (s)

W
2
/W

2 0

0 1 2 3 4

0.85

0.9

0.95

1

Time (s)

H
/H

0

res. upscale=x16 with ∇𝑝FLIP
res. upscale=x2 with ∇𝑝curl consistent
res. upscale=x4 with ∇𝑝curl consistent
res. upscale=x8 with ∇𝑝curl consistent
res. upscale=x16 with ∇𝑝curl consistent

Fig. 17. Enstrophy for two dimensions, and helicity for three dimensions
under refinement. Note that with increasing the resolution at which the
Casimir measurement takes place, we better see the preservation of them.
This is only expected while particle information is only purturbed with the
curl consistent pressure force. With the traditional FLIP-based pressure
force, we see the Casimirs changing; though, this error is very small. Finally,
we emphasize that the jump in the middle is due to global resetting of the
particle data.

find the closest exact 1-form d0p̃ to 𝝉̃ . In three dimensions, the recon-

struction problem additionally has a Dirichlet boundary condition

of p̃ = 0, which ensures that helicity remains unchanged. Finally,

add the pressure force

®𝑢p ← ®𝑢p + (I1d0p̃)®𝑥p . (85)

The modification (85) modifies ( ®𝑥, ®𝑢) by an exact form, and therefore,

it does not modify the coadjoint in the limit when the particles

represent a continuum. Note, however, that the curl-consistent

interpolated pressure force is less computationally efficient as it

involves two additional global solves, for the pseudo-inverse and

Poisson solves. As such, we use the div-consistent pressure force

for all of our simulations, despite its minimal effects on Casimir

conservation.

6.3 Stability Discussions
The CO-FLIP algorithm is conditionally stable. It substantially im-

proves on the well-known instability problems of the traditional FLIP

method. Here, we discuss the various factors that affects stability.

6.3.1 Stability Given by Pressure Force. A known problem in FLIP

methods is the frequency gap between the high resolution particles

and low resolution grids. The particle data can develop high fre-

quency patterns, whereas an interpolated pressure force feeding back

to the particles can only regulate them up to the resolution of the

grid. While this problem with FLIP is generally present, we observe

that utilizing mimetic interpolation can significantly improve the

regularity of particle data. We observe that the divergence-consistent

mimetic interpolation of pressure force (84) of Section 6.2.1 is better

at maintaining the stability of FLIP-based methods. In our experi-

ments, as seen in Fig. 18, we show that the addition of the pressure

force allows for a far more infrequent global resetting frequency

of the particle data. Empirically, we found the reset frequency can

be set to once every 200 frames. In contrast, the state-of-the-art

frequency in [Deng et al. 2023] is every 20 frames. Additionally,

as discussed in Section 6.6, the adaptive resetting of the particles

further lowers the error at very infrequent global reset frequencies.

6.3.2 Particle Distribution Over Time. The stability of the CO-FLIP

algorithm is further improved by using the mimetic interpolation

scheme to get point-wise divergence-free velocity queries which

we can integrate to volume preserving flow maps for the particles.

Concretely, a uniform independent and identical distribution (i.i.d.)

of particles would remain uniformly i.i.d. through the dynamics

of the incompressible fluid. However, to reduce the variance on

the Monte Carlo integration needed for
ˆI+ (see (56)), one could

use a stratified sampling of particles per grid cell. Such a stratified

sampling would not remain stratified throughout the advection of

particles, thus becoming an ill-suited distribution for theMonte Carlo

integration of
ˆI+. This would increase the error gap between the

discrete operator
ˆI+ and the continuous operator I+, which would

worsen the errors in the simulation and create room for instabilities

to grow. As such, on global resets of the particle information, we

additionally redistribute the particles in a per-grid-cell-stratified

fashion.

6.3.3 Particle-per-Cell Count. Other than the particle distribution,

the number of particles per cell (PPC) also affects the variance

of the Monte Carlo integration. In principal, one needs a dense

enough sample for the least-square system to have a unique solution.

However, we empirically choose higher PPC counts to ensure a

lower variance in the integration error of the discrete
ˆI+ operation.

We select minimum and maximum PPC counts, and adaptively

distribute particles in the domain based on the magnitude of local

vorticity compared to the global maximum; this adaptive nature also

helps with the performance (see Section 7.1.1). For 3D experiments,

the PPC count is in the range [8 − 27] ([4 − 16] for 2D). In our

experiments, this provides stable results throughout the simulated

frames; however, below the mentioned range, we see unstable noisy

behavior in the velocity field.

6.3.4 Choosing the CFL Number. The CFL number [Courant et al.

1928] we choose for the time integration dictates how good the

fixed-point iteration algorithm’s initial guess is, which relates to how

fast the fixed-point iteration converges. At times, the fixed-point

iteration fails to converge due to this. In these cases, we observe an

unstable behavior from the solver. Additionally, so long as the fixed-

point iteration converges in Algorithm 2, energy can be preserved

by using (21); otherwise, one would observe an energy drift. Note,

however, than one may not want to increase CFL number too high

as it increase the error in the time integration; even if the fixed-point

iteration converges. As such, an optimal CFL number is preferred

where there is balance between performance and accuracy. We
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Fig. 18. Comparison of adding or not adding pressure force back to the
particles, andwhether adaptive resetting is used. Once pressure force is added
to the particles, we can avoid blow-ups in lower global reset frequencies.
Additionally, the error in simulation can be further minimized in highly
infrequent global resets by using adaptive resets on the particles.

empirically find CFL numbers below one to be stable, but we choose

roughly 0.5 to be optimal for accuracy.

6.4 Initialization
To initialize the simulation the user can provide a velocity field or a

vorticity field. For a given velocity field ®𝑢given ∈ 𝔛div
(𝑊 ), simply

assign it to particles ®𝑢p, p ∈ P. One may also filter this velocity

through I𝑛−1
ˆI+
𝑛−1

so its level of detail is conformed to the resolution

of the grid.

For a given vorticity field (scalar field in 2D and vector field in

3D)𝑤 , assign the vorticity on each particle, transfer it to the grid by

the pseudoinverse of the 𝐶𝑛−2
mimetic interpolation

w = ★𝑛−2
ˆI+𝑛−2
( ®𝑥p,𝑤p)p∈P ∈ 𝐶 (𝑛−2)∗, (86)

and solve the streamform 𝝍 ∈ 𝐶𝑛−2
, (80) for 2D and (83a) for 3D,

with the right-hand side set as w ∈ 𝐶 (𝑛−2)∗
. Finally set f = d𝑛−2𝝍

followed by interpolating f to particle velocity using I𝑛−1.

Note that one should not simply assign values at the grid faces

since these faces may not represent the expected physical locations

in the domain (cf. Remark 5.1 and Remark 5.2).

6.5 Particle Advection
Here we detail how we execute the particle advection action (17).

In (17) we assume a given vector field ®𝑣 ∈ 𝔛
div
(𝑊 ), and we trans-

port the data ( ®𝑥, ®𝑢) by the flow generated by ®𝑣 . While solving the

ODE system (17) is feasible, we implement the computational setup

differently. Instead of updating ( ®𝑥p, ®𝑢p) at each time 𝑡 , we store a

rest-frame (𝑋p, ®𝑈p) and update a flow map and its inverse Jacobian

per particle. To access ( ®𝑥p, ®𝑢p) at the current frame, we use the flow

map information to transform the rest-frame ( ®𝑋p, ®𝑈p). The main

reason for doing so is that we can access the Jacobian at each particle,

which is a cumulative record of the quality of the map. Based on the

quality of the particle-wise Jacobian, we can reset the rest frame for

a particle. This procedure is detailed in Section 6.6.

6.5.1 Data Structure. Each particle p ∈ P is assigned with a rest-

frame position and impulse ( ®𝑋p ∈ 𝑊, ®𝑈p ∈ 𝑇 ∗®𝑋𝑊 = R𝑛), and the

timestamp 𝑇p ∈ R of the rest-frame. Each particle is also equipped

with a position vector ®𝑥p ∈𝑊 that represents the particle’s current

location, and an 𝑛 × 𝑛 matrix Ψp. The pair of positions ®𝑋p and ®𝑥p
represents the flow map at this particle from time 𝑇p to the current

time 𝑡 . The matrix Ψp is the inverse Jacobian of the flow map.

To access the current impulse ®𝑢p from this data structure, evaluate

®𝑢p = Ψ
⊺
p ®𝑈p.

6.5.2 Reset. When a reset is called for a particle p, such as at the

initial frame, we set ®𝑋p ← ®𝑥p, Ψp ← id, 𝑇p ← 𝑡 , and ®𝑈p ← ®𝑢given

p ,

where ®𝑢given

p is the given impulse covector to be assigned to this

particle for the reset.

6.5.3 Advection. The advection step (17) for ( ®𝑥p, ®𝑢p) is equivalent
to marching ( ®𝑥p,Ψp) (while fixing ®𝑋p, ®𝑈p,𝑇p) by the following ODE{

𝑑
𝑑𝑡
®𝑥p (𝑡) = ®𝑣 | ®𝑥p (𝑡 )

𝑑
𝑑𝑡
Ψp (𝑡) = −Ψp (𝑡) (∇®𝑣 | ®𝑥p (𝑡 ) )

(87)

which we solve by RK4. It is easy to verify that ®𝑢p (𝑡) = Ψ
⊺
p (𝑡) ®𝑈p

satisfies (17).

6.5.4 Trace-Free and Unimodularity. Since the velocity field ®𝑣 from
our mimetic interpolation is pointwise divergence free, the Jacobian

∇®𝑣 is pointwise trace-free ∇®𝑣 ∈ 𝔰𝔩(𝑛).3 Therefore, the solution

Ψp (𝑡) to 𝑑
𝑑𝑡
Ψp (𝑡) = −Ψp (𝑡) (∇®𝑣 | ®𝑥p (𝑡 ) ) with Ψp (𝑡 = 𝑇p) = id is a

unimodular (det = 1, or volume-preserving) matrix Ψp (𝑡) ∈ SL(𝑛).4
The unimodularity of Ψp (𝑡) remains true over different frames even

when the flow velocity ®𝑣 has changed. This is because the algebraic
property that det = 1 is closed under matrix compositions (SL(𝑛) is
a group).

Ψ

Ψnew

0

rescaled Ψ

d
e
t =

1

R𝑛×𝑛

Projection to SL(𝑛). Although RK4 gives
us a highly accurate integration of (87),

over a long time det(Ψp) may drift away

from 1. To enforce det(Ψp) = 1 we employ

the following projection to snap Ψp back

to SL(𝑛) after each RK4 step [Hairer et al.

2006, Example 4.5]: Update Ψp by Ψnew

p ,

where Ψnew

p solves{
Ψnew

p = Ψp + 𝜆Ψ−⊺p , 𝜆 ∈ R (88a)

det(Ψnew

p ) = 1. (88b)

One can see that (88) is indeed an orthogonal projection to the

level-set of determinant in R𝑛×𝑛
by noting that the cofactor ma-

trix cof (Ψp) = det(Ψp)Ψ−⊺p is the gradient (with respect to the

Frobenius inner product) of the determinant function at Ψp ∈ R𝑛×𝑛
.

Compared to other alternatives, such as normalizing the matrix by

its determinant, our projection is less aggressive in modifying the

matrix (see inset). Solving (88) amounts to finding 𝜆 ∈ R so that

det(Ψp + 𝜆Ψ−⊺p ) = 1, which is a 1D root finding problem. We use

3𝔰𝔩 (𝑛) is the space of trace-free 𝑛 × 𝑛 matrices. It is the Lie algebra of SL(𝑛) .
4
The special linear group SL(𝑛) is the Lie group of 𝑛 × 𝑛 matrices with det = 1.
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Fig. 19. Comparison of different choices of adaptive resetting cutoff (𝛼 ) for
particles. Note that there is little difference between the cutoff values, but
all results show a lower error than those without an adaptive reset.

the following fixed point iteration (quasi-Newton iteration) with

initial guess 𝜆0 = 0:

𝜆k+1 = 𝜆k −
det(Ψp + 𝜆kΨ

−⊺
p ) − 1

tr((Ψ⊺
p Ψp)−1) det(Ψp + 𝜆kΨ

−⊺
p )

. (89)

The iteration involves 2 × 2 or 3 × 3 matrix inversion, which is

computationally cheap. In practice, we observe that 1–2 iterations

are sufficient.

6.6 Particle-wise Adaptive Reset
The impulse/covector variable ®𝑢p is stretched by the deformation

of the flow (17). However, in a fluid flow, the amount of shearing

deformation in a flow map is generally unbounded. This can lead to

numerical instability. In the literature, fluid methods that are based

on using a long-time flow map to transport momentum or impulse

[Qu et al. 2019; Nabizadeh et al. 2022; Deng et al. 2023] reset the

flow map globally every few frames to avoid instability. We call the

number of frames before a global reset the reset period. [Nabizadeh
et al. 2022] has a reset period of 5. [Deng et al. 2023] resets every 20

frames. Classical FLIP is also blended with APIC or PIC, with the

typical blending factor empirically chosen around roughly 0.99. In

extreme cases, semi-Lagrangian, PIC, or APIC methods correspond

to resetting the flow map at every frame. Although resetting the

flow map stabilizes the fluid simulator, it removes the Lagrangian

nature of the method of characteristics.

We point out that the amount of stretching throughout the domain

is not uniform. Some parts of the domain may deform heavily and

require flow-map resets, whereas the flow map in the other parts is

still regular and does not require resets. Indeed, the flow map does

not need to be reset globally: in Section 6.5.2, the particle-wise reset

can be called asynchronously. This motivates an adaptive strategy to

the reset.

Per particle p ∈ P, the reset function Section 6.5.2 is called if

the deformation gradient 𝐹p = Ψ−1

p of the particle has its largest

singular value exceeding a threshold. At the reset, we set the rest-

frame particle impulse covector ®𝑈p (cf. Section 6.5.2) as the current

interpolated grid velocity field at the particle’s location.

Concretely, for the thresholding, we inspect the following cumu-
lative Finite Time Lyapunov Exponent

𝑆p := ln

(
𝜎max (𝐹p)

)
, (90)

where 𝜎max evaluates the largest singular value. It measures the

maximal stretching of the deformation since the previous reset call.

Note that 𝑆p is closely related to the Finite Time Lyapunov Exponent

(FTLE), which is defined by FTLEp := 𝑆p/𝑇p where𝑇p is the duration
of the deformation as defined in Section 6.5. Empirically, as seen in

Fig. 19, we found that limiting 𝑆p < 1 (i.e. reset the particle’s flow
map if 𝑆p ≥ 1) leads to stable results without sacrificing accuracy.

We also include an optional global reset like previous methods.

As discussed in Section 6.3.1, adding the pressure force back to the

particles alone can improve stability so that the reset period can

be as much as 256 frames. Our adaptive flow-map resetting further

enhances the stability of CO-FLIP. See Fig. 18 for comparison.

6.7 Casimir Measurements
The coadjoint orbit preservation of the CO-FLIP method states that

the image 𝐽
adv
( ®𝑥, ®𝑢) ∈ 𝔛∗

div
(𝑊 ) of the fluid state in the infinite

dimensional space 𝔛∗
div
(𝑊 ) of continuous 1-forms stays on a coad-

joint orbit, as previously explained in Section 4.1.1. A quantitative

measurement of this quality is measuring the Casimirs (cf. A.10). A
Casimir is a function defined over 𝔛∗

div
(𝑊 ) that is constant on each

coadjoint orbit. Therefore, a necessary condition for the coadjoint

orbit conservation is the preservation of each Casimir function. In

2D a basis for the Casimir functions are the 𝑝-th moment of the

vorticity function [Khesin and Chekanov 1989]

W𝑝 ( [𝜂]) :=

∫
𝑊

𝑤𝑝 𝑑𝜇, 𝑤 = ∗(𝑑𝜂), [𝜂] ∈ 𝔛∗
div
(𝑊 ). (91)

In 3D the only regular Casimir is the helicity [Khesin et al. 2022]

H :=

∫
𝑊

𝜂 ∧ 𝜔, 𝜔 = 𝑑𝜂, [𝜂] ∈ 𝔛∗
div
(𝑊 ). (92)

However, the Casimirs are defined on the continuous space

𝔛∗
div
(𝑊 ), whose evaluation can only be approximated. In our valida-

tions, we measure the Casimirs using a sequence of grids with pro-

gressively higher resolutions to obtain a sequence of progressively

more accurate approximations of the Casimirs. The conservation of

the Casimirs is observed in the continuous limit of the approximated

Casimirs (see Fig. 17).

Note that the procedures of adding divergence-consistent pressure

force back to the particles (Section 6.2.1) and the adaptive resetting

(Section 6.6) can affect the exactness of Casimir preservation. For

validating the exact Casimir preservation in Fig. 17 we employed

the curl-consistent pressure feedback (Section 6.2.2) and disabled

adaptive resets. To prevent instability we included a global reset

every 2 s × 24 fps = 48 frames.

In a more realistic simulation setup we include the more stable

divergence-consistent pressure force (Section 6.2.1) and the adaptive

resetting (Section 6.6). As shown in Fig. 21 the 2D Casimirs drift only

mildly, compared to other methods, over the course of 500 s×48 fps =

24, 000 frames. In 3D, the helicity is conserved better than competing
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Fig. 20. The 2D convergence plot for the Taylor-Green experiment ran for
one second at fixed𝐶𝐹𝐿 = 0.4. Note that our method achieves third-order
accuracy using quadratic B-splines compared to second order accuracy of
previous methods.

methods over the course of 10 s × 48 fps = 480 frames, as shown in

Fig. 23.

7 RESULTS
In this section, we detail the experiments conducted to demonstrate

our method. We implement our method (CO-FLIP) as detailed in Sec-

tion 3. In addition to adding our method, we implement established

methods such as PolyPIC [Fu et al. 2017] and PolyFLIP [Fei et al.

2021]. We chose the PolyFLIP method over the basic FLIP algorithm

because it provides better stability by providing a smaller kernel

of P2G transfer. We run these methods with second-order explicit

midpoint time integration to make comparisons fair. Additionally, we

combine the second-order advection-reflection [Narain et al. 2019]

and covector fluids [Nabizadeh et al. 2022] with the PolyFLIP method

to build Eulerian-Lagrangian methods referred to as R+PolyFLIP

and CF+PolyFLIP, respectively. These methods lower the separation

error (i.e. how much advection and pressure projection operators

commute) when solving for the Euler equations [Zehnder et al. 2018;

Nabizadeh et al. 2022]. We build all the above-mentioned methods

on top of the codebase open-sourced by [Nabizadeh et al. 2022].

While the codebase offers many implementations of semi-Lagrangian

methods, we instead focus on extending the backend toolset with

various performance improvements and implementing the hybrid

Eulerian-Lagrangian methods we desire. Readers should refer to the

supplementary material for all code and data. Lastly, for the NFM

experiments, we use the codebase shared by [Deng et al. 2023] with

no additional modifications.

7.1 Performance Considerations
All the methods are parallelized to run on the CPU. We expect all

parallelization to be easily transferred to the GPU for additional

speed-ups. The experiments ran on a desktop machine with an

Intel i9-13900K processor with 64GB of memory. See Table 3 for

a summary of experiment statistics, and Fig. 8 for how long our

method takes per iteration for the Trefoil knot experiment. Our

Table 3. Experiment statistics.

Figure name (figure number) Domain size Grid resolution Avg. particles 𝛥𝑡

Pyroclastic plume (Fig. 1) 5× 10× 5 m
3

96 × 192 × 96 3 × 10
7

1/288 s

Unknot (Fig. 4) 5 × 5 × 5 m
3

64 × 64 × 64 2 × 10
6

1/48 s

Spot obstacle (Fig. 5) 10× 5× 5 m
3

128 × 64 × 64 6 × 10
6

1/96 s

Rayleigh-Taylor Instability (Fig. 6) 0.2 × 0.4 m
2

256 × 512 3 × 10
6

1/288 s

Rocket (Fig. 7) 5 × 5 × 5 m
3

64 × 64 × 64 1 × 10
6

1/48 s

Ink jet (Fig. 10) 5× 10× 5 m
3

64 × 128 × 64 1 × 10
7

1/48 s

3D smoke plume (Fig. 14) 5× 10× 5 m
3

64 × 128 × 64 5 × 10
6

1/192 s

2D smoke plume (Fig. 15) 0.5 × 1.0 m
2

256 × 512 4 × 10
6

1/288 s

Leapfrogging vortices (Fig. 22) 2𝜋 × 2𝜋 m
2

256 × 256 1 × 10
6

1/96 s

Twisted torus (Fig. 23) 5 × 5 × 5 m
3

64 × 64 × 64 4 × 10
6

1/48 s

Trefoil knot (Fig. 25) 5 × 5 × 5 m
3

64 × 64 × 64 9 × 10
5

1/72 s

Leapfrogging rings (Fig. 26) 10× 5× 5 m
3

128 × 64 × 64 7 × 10
6

1/72 s

method’s additional cost compared with traditional methods is

due to the use of high-order methods. The majority of the time is

spent solving the global problems of streamform-vorticity solve,

and pseudoinverse P2G map. We conduct a performance study

under the same conditions such as same particle-per-cell count,

and CFL number. Compared to traditional methods, CO-FLIP is

slower in wall clock time by an order of magnitude, given our

modest optimizations. However, our results provide higher accuracy,

and preservation of energy and Casimirs. Note that increasing the

resolution of traditional methods, for achieving lower error, is not

always practical, as they would hit system memory constraints.

This is because the PolyPIC methods require 8× additional data per

particle compared to our method, and that they are only second order

accurate compared to the third order accuracy of CO-FLIP. Finally,

our method’s performance scales linearly, similar to traditional

methods, with increasing spatiotemporal resolution. Below, we

discuss optimizations for the global solves that impact our method.

7.1.1 Pesudoinverse P2G Solve. We use a preconditioned conjugate

gradient (PCG) solver to tackle the pseudoinverse P2G problem.

This solver has three major components: (1) a preconditioner for the

solver, (2) the interpolation operator (i.e. G2P transfer), and (3) the

interpolation transpose operator (i.e. weighted sum of the particles

values back to the grid). We use the incomplete Cholesky (IC) with
limited memory implementation from the Eigen library [Lin and

Moré 1999; Guennebaud et al. 2010] to speed up the solver. The IC

preconditioner requires the construction of matrix
ˆI⊺ ˆI, which we

build explicitly, without dealing with the much larger matrix
ˆI. The

sparsity pattern of
ˆI⊺ ˆI is exactly the same as the one for ★2, and

for the IC preconditioner, we only require its lower/upper triangular

part to be constructed. For this, we run through the particles and

subsequently go through the neighboring grid elements using a

double for-loop to deposit their contribution to said elements. For the

purpose of this paper, we only parallelize the for-loop over particles

in the three axes of the domain (in R3
), but more advanced binning

strategies could further allow for parallelization and performance

boost. Additionally, evaluating the IC preconditioner itself incurs an

overhead, but in turn, it drastically reduces the number of iterations

during the least-squares pseudoinverse solve. As discussed in [Gould

and Scott 2017], if the IC preconditioner is evaluated at every step,

the combined time taken to evaluate the preconditioner and run the

solver is no different than using a simple diagonal preconditioner. To
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Fig. 21. Energy, enstrophy (second moment of vorticity), and fourth moment of vorticity plots over time for the 2D leapfrogging vortices experiment. Note that
our method exactly conserves energy over time, minimal relative error in the measured values for Casimirs, compared to other methods. For clarity purposes,
the plots show data samples at x400 times lower frequency than the simulation frame rate.
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Fig. 22. 2D leapfrogging vortices. Our method (CO-FLIP) retains the core
vortex structure with minimal dissipation after 500 seconds of simulation.
Other methods lose both energy and vorticity as time progresses.

alleviate this problem and continue to benefit from the IC precondi-

tioner’s performance improvement, we note that the preconditioner

for one step could be reused for some future steps with a minimal

drop in performance. We find empirically that re-evaluating the

preconditioner every five timesteps shows an improvement in total

runtime.

The second major component of the pseudoinverse solve is the

interpolation operator, which is embarrassingly parallelizable be-

cause there is no data race between particles looking up their values

from the grid. The third component, the transpose of this operator,

is more complicated. This is because many particles could be in the

neighborhood of a grid element, causing a data race. One approach

to this problem is through scattering [Gao et al. 2018]. Here, each

particle’s information is transferred to its neighboring grid element.

A trivial method of introducing parallelization for the scattering

technique is through atomic writes. For this paper, we employ this

method. However, as the number of particles in the system grows, it

is slower to resolve write conflicts. To resolve this problem, there

are a few works that optimize and alleviate this problem on both

CPU [Fang et al. 2018; Hu et al. 2018] and GPU [Gao et al. 2018]

by employing a method of binning using a form of data structure

(e.g. SPGrids). This optimization level is beyond the scope of the

current paper, but we expect our method to similarly improve if

such speed-up methods are used. Finally, to further lower write

conflicts and improve the performance, we opted to use an adaptive

set of particles throughout the domain. Concretely, the number of

particles per cell is selected based on the relative magnitude of local

vorticity compared to its maximum in the entire domain. This would

additionally lower the memory footprint of the particles. Overall,

the use of the IC preconditioner, as detailed above, improves the

runtime of the P2G solve by roughly x50.

7.1.2 Streamform-Vorticity Solve. We employ a PCG solver based

on streamform and vorticity to find divergence-free velocity fields.

Since the Laplacian matrix comes from a high-order Galerkin Hodge

star, it has a more dense sparsity pattern than the simple finite-

difference Laplacian matrix. This more accurate Laplacian matrix

allows for a more accurate pressure projection operation but incurs

an overhead to the solver. We detail various ways of improving this

overhead.

As mentioned in Section 6.1.4, we employ a geometric multigrid

(GMG) preconditioner for the solution based on the edges (nodes

in 2D) of the systems. The preconditioner takes an input matrix

and applies the prolongation and restrictor operators on either

side to construct the progressively smaller matrices for the coarser

levels. As a result of these GMG preconditioners, the PCG solver

can converge in much fewer iterations [Saad 2003]. However, there

is a tradeoff between the complexity of the GMG preconditioner

and the total time the solver takes to converge. As such, we opt to

build the GMG preconditioner using a smaller Laplacian matrix from

a lower-order Hodge star. Note that the solver still uses the high-

order Laplacian matrix, and only the preconditioner is approximated

further. This introduces no error in the solver as the preconditioner

is an approximation anyway. Our experiments show that a Laplacian

matrix built from the second-order Galerkin Hodge star produces

the best total runtime. While the number of iterations is larger

than using the GMG preconditioner built from the Laplacian matrix

based on the third-order Hodge star, each iteration takes less time,

reducing the total time.
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Fig. 23. Twisted torus comparison, and its associated energy and helicity plots. Note that our method exactly preserves energy over time at a low resolution of
64 × 64 × 64. The measured helicity shows minimal relative error compared with other methods. For clarity purposes, the plots show data samples at x20 times
lower frequency than the simulation frame rate.

Another avenue for optimization is in the inner problems that

must be solved at each level of the GMG grids. Traditionally, with-

out the presence of obstacles or multiphase fluids, the Laplacian

decouples, which results in simplified solves during the inner itera-

tive solves of the preconditioners, may use red-black Gauss-Seidel

parallelization for these solves for acceleration. However, in the

presence of Laplacian matrices made from high-order Hodge stars,

they do not decouple, making the inner solves more complicated.

Inspired by the results in [Adams et al. 2003; Saad 2003], we note

that instead of using multicolor Gauss-Seidel methods, one may use

Chebyshev acceleration (see [Saad 2003, algorithm 12.1]) to make

fast a weighted Jacobi iteration solver by choosing an optimal weight.

For this, one needs only an approximation of the largest and smallest

eigenvalues of the matrix [Adams et al. 2003] at each grid level,

which we get by using the Spectra [Qiu et al. 2010] library. Overall,

we see a x3 reduction in the number of iterations needed for the PCG

solver to converge. We observe that in some experiments, despite

the reduction in the number of iterations, the solver takes a longer

time to complete compared to a CG solver with fast parallelized

matrix-vector multiplication and no preconditioner. We believe the

slowdown is due to an unoptimized implementation of the matrix-

vector multiplication borrowed from the Eigen library, which would

be resolved if one uses explicit matrix-free multiplications instead.

7.1.3 Miscellaneous improvements. For all the Hodge stars that

must be inverted, we evaluate an IC preconditioner on the first

simulation frame to speed up the solver. This lowers the number of

iterations needed to converge by roughly five times. Additionally,

we use parallelized matrix-free operations for all matrix-vector

multiplications involving the Hodge star operators, which further

enhance the performance over sparse matrix-vector multiplication

solutions offered by the Eigen library.

7.2 Validation
We validate our method through a collection of experiments. We

showcase how our energy conserves energy and the Casimirs

throughout the simulation.

7.2.1 2D Taylor-Green Vortices Convergence. Here, we validate the
order of accuracy of our method using the Taylor-Green vortices

experiment [Taylor and Green 1937], an analytical solution to the

Euler equations. At a fixed 𝐶𝐹𝐿 = 0.4, we run the experiment

using our method and traditional methods for one second. We

measure the relative 𝐿2
and 𝐿

inf
errors under progressively higher

spatio-temporal resolutions. As seen in Fig. 20, our method shows

third-order convergence when using quadratic B-splines as the

interpolation operator. The traditional methods remain only at

second-order, as expected. Studying the plot, our method requires a

lower spatio-temporal resolution to achieve a fixed error rate. For

instance, if the user is looking for an error of 10
−5
, our method can

achieve this error at a 64
2
resolution, while traditional methods

must run at 1024
2
to match this accuracy.

7.2.2 2D and 3D Casimirs under refinement. As discussed in Sec-

tion 6.7, we use a set of auxiliary measurement grids. We progres-

sively increase the resolution of the measurement grid while running

the experiment based on a fixed-resolution simulation grid. The

Hamiltonian is measured on the simulation grid.

In 2D, we initialize the velocity field analytically with the Taylor-

Green velocity field in an 8×8 simulation grid.Wemeasure enstrophy,

which is the Casimir related to the second moment of vorticity. As

seen in Fig. 17, enstrophy is preserved progressively better under

finer measurement grids. Additionally, Fig. 17 demonstrates that even

without the curl consistent interpolation, i.e. using the traditional

FLIP pressure force, the Casimirs are only changed by a small

amount.

In 3D, we use an ABC flow velocity field pressure projected to a

closed box. Note that, after pressure projection the velocity field no

longer exactly follows the ABC analytical equation, but provides
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Fig. 24. Trefoil knot, also known as the (2,3)-torus knot. As time passes, the knot moves forward and stretches until the vortex reconnection even when it breaks
into one big and one smaller part [Kleckner and Irvine 2013]. Our captures this behavior at a low resolution of 64 × 64 × 64.

a close-to-ABC flow; which is smooth velocity field. Similar to

the 2D experiment, Fig. 17 shows that helicity is preserved under

fine enough measurements. Note that the coarse measurement

shows a larger error, and should only be taken as an approximate

measurement for the helicity Casimir.

7.2.3 2D Vortex leapfrogging vortices. For the 2D vortex leapfrog-

ging experiment, the vortices are expected to run indefinitely as they

leap through one another. Inspecting the final frame in Fig. 22, we see

that our method (CO-FLIP) maintains the core vortical structure of

the vortices despite 500 seconds of simulation, while other methods

have drastically lost their energy and vorticity. As seen in Fig. 21, our

method conserves the energy close to floating point accuracy, while

all previous methods drastically lose their energy over time. From

this plot, we also see that the Casimirs for our method only change

slightly. For the second moment of vorticityW2
, our method has a

relative error of 2%, which is drastically lower than other methods

(the best one being at 60% error). Similarly, for the fourth moment

of vorticityW4
, our method has a relative error of 17% compared

to 97% (at best) for other methods.

7.2.4 2D Vortex sheet under refinement. To study cascading vortical

structures, we initialize the velocity field with a rigidly rotating

disk with angular velocity 0.25 rad/s. Due to the sudden drop in

velocity at the border of the disk, a vortex sheet is created. Together

with the finite resolution of the grid, this would create an instability

that produces cascading vortices. See Fig. 16. Note that with our

method the energy remains constant regardless of the spatiotemporal

resolution. With increasing the resolution, our method consistently

produces richer vortical structures, which qualitatively mimics the

results of previous methods at a higher resolution. Additionally, the

structures get progressively more turbulent.

7.2.5 3D Twisted Torus. We further validate our method in three

dimensions. When filaments in a closed vortex tube are twisted, they

generate a velocity field with non-zero helicity [Kleckner and Irvine
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Fig. 25. Comparisons of trefoil knot between different methods. Note that
our method shows a superior preservation of energy and vortical structures,
while successfully showcasing the vortex reconnection event.

2013]. We use the codebase open-sourced by [Chern et al. 2017]

to generate such a vortex tube. Concretely, we restrict the initial

vorticity field to the inside of a torus with a major radius 1.5𝑚 and

an aspect ratio of 6. Given two variables 𝜔̂1 (for vorticity per unit

length through the torus tube) and 𝜔2 (for vorticity responsible for

creating twists, which is perpendicular to the former component).

We set the total vorticity field as 𝜔̂1 (®𝑛( ®𝑥) × ®𝑑 ( ®𝑥)) +𝜔2®𝑛( ®𝑥), where ®𝑥
is a location in the domain,

®𝑑 = ®𝑥 − ®𝑟core, and ®𝑛 is the tangential unit

vector to the torus at minor radius ®𝑟core from the core. We refer to

this tube as a twisted torus. As seen in Fig. 23, our method preserves

the twisted vortical structures at the end of the simulation, while all

other methods have lost their structure. Solely inspecting the energy

plot, one may conclude that such methods provide a high-quality

result. But when inspected visually, as seen in Fig. 23, we see a large
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Fig. 26. Leapfrogging vortex rings in 3D. At a low resolution of 128 × 64 × 64, our method (CO-FLIP) leaps five times before the vortex rings mix. At an even
lower resolution of 64 × 32 × 32, CO-FLIP manages to leap almost three times, which shows better behavior than some traditional works at higher resolutions.
Previous methods at best (i.e. R+PolyFLIP method) leap twice.

loss of vorticity in other methods as time progresses. This can be

explained by complementing the analysis with the helicity plot. Our

method conserves energy exactly, and only shows a small error (5%)

in maintaining helicity, while other methods lose their helicity more

significantly (around 13% at best for R+PolyFLIP).

7.2.6 3D Unknot. Here, we focus on a (1,5)-torus knot, which we

refer to as an “unknot” following the convention from [Maggioni et al.

2010]. We set up our experiment using the following construction

for a (p,q)-torus knot formula in R3
:

𝑥 = 𝑟 cos(𝑝𝜃 ), 𝑦 = 𝑟 sin(𝑝𝜃 ), 𝑧 = − sin(𝑞𝜃 ), (93)

where 𝑟 = 𝑐𝑜𝑠 (𝑞𝜃 ) + 2 and 𝜃 ∈ [0, 2𝜋]. As the vortex unknot

travels forward in time, the structure stretches to a point where a

reconnection event occurs, and five other smaller rings are created

from the bigger unknot (see Fig. 3). As seen in Fig. 4, our method

(CO-FLIP) captures this even on a low resolution of 64
3
, while all

other methods fail to achieve a clean separation. Additionally, note

that the vortex strength is kept at the initial maximum for our results,

while all other methods have lost most of their vorticity.

7.2.7 3D Trefoil Knot. We further validate our experiments by

running the trefoil knot experiment, which sets up a (2,3)-torus

knot in space. We expect that the knot will evolve and break into

two separate knots. While other methods fail to fully undergo the

vortex reconnection event, our method achieves this and maintains

its vorticity strength, as seen from the color of the vortex filaments

in Fig. 25. This evolution is captured by our method in Fig. 24 at a

low resolution of 64
3
.

7.2.8 3D Vortex Leapfrogging. Similar to the two-dimensional case,

the vortex leapfrogging is expected to continue indefinitely under no
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viscous forces. However, the 3D experiment has proven to be more

difficult to maintain this ever leaping behavior. As shown in Fig. 26,

at low resolutions such as 128 × 64 × 64, previous methods fail to

recover the correct behavior and, at best, leap twice (see R+PolyFLIP).

Our method (CO-FLIP) achieves five leaps before merging into one

another. Note that at even lower resolutions, previously not seen

before, our method manages to leap once before merging together.

Based on this trend, we expect that higher resolutions would allow

for higher leap counts.

7.3 Demonstrations
We also demonstrate that our method can create visually stunning

simulations of phenomena seen in nature that are often of interest

to the graphics community using relatively low resolutions (See

Table 3).

7.3.1 2D Rayleigh Taylor Instability. Fig. 6 shows that our method in

simulating 2D Rayleigh Taylor instability. We set up an experiment

with one Rayleigh Taylor finger. Heavy fluid sits above light fluid and

travels downward, creating fractal-shaped vortices. We set a small

viscosity of 10
−7𝑚2/𝑠 and buoyancy acceleration 0.15𝑚/𝑠2

, and run

the simulation with a small sinusoidal perturbation at the interface

given by
𝐿
2
+ 0.05𝑊 (cos( 2𝜋

𝑊
) − 1), where 𝐿,𝑊 are the length and

height of the domain. Note that our method can create fractal-shaped

vortical structures that better match the expected output at very high

Reynolds numbers. While other methods produce a modest amount

of vorticities, our method produces abundantly more features at the

same resolution.

7.3.2 2D Smoke plume. To additionally showcase the intricate

vortical structures produced by our CO-FLIP algorithm, we set up

an experiment where buoyant hot travels upward with acceleration

0.1𝑚/𝑠2
in two dimensions. We apply a small viscosity of 10

−6𝑚2/𝑠 .
Fig. 15 shows how over time, our method produces an increasing

amount of turbulent fractal-shaped vortices.

7.3.3 3D Smoke plume. Fig. 14 shows an experiment with a smoke

plume under buoyancy 1𝑚/𝑠2
and a small viscosity of 10

−4𝑚2/𝑠 .
Our method captures more detail and vortices than other methods

at a low resolution of 64× 128× 64. Our results at this resolution are

comparable to traditional methods running at double the resolution.

Even at a lower resolution of 32 × 64 × 32, previously considered

as too coarse, our method can create highly energetic results. As

the resolution drops, CO-FLIP provides a consistent qualitative

visual result with a rich level of vortical structures. This is because

CO-FLIP does not have any numerical dissipation. Regardless of

the resolution, the difference in the behavior is due to how far the

I-discrete Euler equations are from the continuous Euler equations.

7.3.4 3D Pyroclastic. We further demonstrate the effectiveness of

our high-order structure-preserving solver through the pyroclastic

cloud Fig. 1. By injecting hot, buoyant smoke in the shape of a flat

slab under buoyancy acceleration of 0.1𝑚/𝑠2
, our method produces

results that are comparable in terms of the amount of vortical details

to real footage of volcanic clouds emerging after their eruption. Note

that our method runs at only 96 × 192 × 96 simulation, which was

previously considered too low for such effects. As shown in Fig. 27,
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Fig. 27. A comparison of the pyroclastic experiment for different resolutions.
Note as the spatiotemporal resolution increases, at a constant CFL number,
we see more dense and energertic vortical structures emerge.

even at a lower resolution of 64 × 128 × 64, we see energetic dense

vortical structures.

7.3.5 3D Inkjet. We simulate the effect of injecting ink with a

high speed of 2𝑚/𝑠 into a medium in Fig. 10. The ink evolves

under a buoyancy acceleration of 0.1𝑚/𝑠2
, and a small viscosity of

1×10
−4𝑚2/𝑠 . Note the interplay of two smoke jets as they reach one

another, mix, and produce many vortical structures while running

at a low resolution of 64 × 128 × 64.

7.3.6 3D Rocket. To further showcase our method, we run an ex-

periment inspired by rocket launch footage. We stage a nozzle that

steadily emits hot smoke into the scene at a speed of 0.9𝑚/𝑠 , where
the effective buoyancy acceleration is 0.55𝑚/𝑠2

point upwards. We

additionally use a small amount of viscosity of 1 × 10
−4𝑚2/𝑠 . Fig. 7

demonstrates the abundance of turbulent fuel and smoke left in the

wake of the rocket flying upwards. Note that the rocket model and

the smoke are not coupled; this is purely for the final presentation

of the simulation. The simulation runs at a low resolution of 64
3
.

7.3.7 3D Spot Obstacle. We implement arbitrary boundary handling

as described in Section 5.3.5. Fig. 5 shows how our method produces

intricate vortical structures at a low resolution of 128 × 64 × 64, as

the smoke jet coming out of the nozzle interacts with the obstacle

shaped by the Spot model [Crane et al. 2013b]. The nozzle jet speed

for this experiment is set to 2𝑚/𝑠 , and we use a small amount of

viscosity of 1 × 10
−4𝑚2/𝑠 .

8 CONCLUSION AND FUTURE WORK
This paper details the construction of a high-order energy- and

Casimirs-preserving discretization of the Euler equations for the

dynamics of inviscid incompressible fluids in a FLIP-based hybrid

Eulerian–Lagrangian framework. By a few key novel modifications

to the FLIP algorithm, we establish a discrete Hamiltonian dynamical

system. The Hamiltonian flow is based on an energy defined on the

discrete grid velocity field, which sets motion on a symplectic space

represented by a particle system. We employ a mimetic B-spline

interpolation scheme which gives us pointwise divergence-free

velocities as well as volume-preserving actions on the particles. This

ACM Trans. Graph., Vol. 43, No. 6, Article 270. Publication date: December 2024.
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action is symplectomorphic on the particle system, and as such

induces a momentum map back to the grid, which perfectly matches

the P2G transfer operator in the FLIP algorithm. Since momentum

maps are Poisson maps, the actions preserve the coadjoint orbits,

and thereby Casimirs, in the infinite-dimensional dual space of

divergence-free velocity fields. Finally, the pressure projection uses

an inner product structure given by the induced metric through

the interpolation operator. This choice for the pressure projection

is crucial for discrete energy conservation. As each component of

the solver is canonically derived from the interpolation, the entire

system can be made arbitrarily high-order by only specifying the

order of accuracy of the interpolation operator.

We demonstrate that our high-order solver is capable of producing

and maintaining high levels of detail in fluid flows. Even using a

low resolution grid, the state on the coadjoint orbit can still develop

turbulent flow with high resolution vortical structures and maintain

concentrated vortex filaments. In contrast, competing numerical

methods cannot capture the same level of detail at low resolutions.

The mathematical reason is that, in our method, the grid resolution

only affects the Hamiltonian, whereas the Poisson structure that

describes the advective nature for the momentum is still the same

as the one in the continuous theory. We also elucidate that the

Casimir preservation is expected to be at the infinite-dimensional

dual space of continuous velocities instead of on the dual space of the

finite dimensional grid velocities suggested by previous structure-

preserving discretizations of Euler equations.

The implicit time integration in the method facilitates long-term

stability. Previous stability issues in FLIP-based algorithms are min-

imized when the mimetic interpolation is consistently applied to

pressure force and the P2G transfer.

While our method provides higher orders of accuracy and struc-

ture preservation in simulating fluids, it comes with a higher com-

putational cost. Currently, the performance bottleneck lies in the

pseudoinverse solve in the P2G transfer. For future work, we aim to

construct more efficient solvers that can tackle the bottlenecks of the

algorithm. Another avenue is to extend the CO-FLIP machinery to

free-surface flows, requiring careful handing of the Galerkin Hodge

star near the free-surface boundary. We are also excited to explore

other possible fluid solvers by following a similar derivation of CO-

FLIP (Section 4) but with a different mimetic velocity representation

and a different auxiliary symplectic space.
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A PRELIMINARIES
In this appendix, we review the essentials of Lie algebra, symplectic

structure, Poisson structure, and Hamiltonian systems in a self-

contained manner. A more complete introduction to these topics

can be found in textbooks such as [Marsden et al. 1997; Holm 2011].

Our introduction uses notations in exterior calculus [Yin et al. 2023,

Appendix A; Wang et al. 2023; Crane et al. 2013a] and terminologies

in group theory.

Most of the technical terminologies in the group theoretic Hamil-

tonian fluid dynamics are borrowed from geometric Hamiltonian

mechanics. In this paradigm, a Hamiltonian dynamical system is

described by an energy function defined on a phase space. This
energy function is called the Hamiltonian.

In the most general setting, the type of a phase space is a Poisson
space, which is a manifold or a vector space equipped with a Poisson
structure. The Poisson structure allows turning the Hamiltonian

into a vector field (analogous to how a metric turns a loss function

into a gradient field in numerical optimization). The vector field

generated by the Hamiltonian and the Poisson structure is called

the symplectic gradient field of the Hamiltonian. The Hamiltonian

dynamical system is the negative symplectic gradient flow on the

phase space (analogous to gradient descents).

Two most important examples of Poisson spaces are symplectic
manifolds and dual spaces of Lie algebras. Let us briefly review the

definitions and notations of these concepts.
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A.1 Lie Algebra
Definition A.1 (Lie algebra). A Lie algebra (𝑉 , [·, ·]) is a vector
space 𝑉 equipped with a skew-symmetric bilinear function [·, ·] : 𝑉 ×
𝑉

bilinear−−−−−−→ 𝑉 satisfying the Jacobi identity: [®𝑎, [®𝑏, ®𝑐]] + [®𝑏, [®𝑐, ®𝑎]] +
[®𝑐, [®𝑎, ®𝑏]] = 0 for all ®𝑎, ®𝑏, ®𝑐 ∈ 𝑉 .

Elementary examples of Lie algebra products include the 3D cross

product (R3,×) and matrix commutator (R𝑛×𝑛 = 𝔤𝔩(R𝑛), [A,B] :=

AB − BA).
Definition A.2 (Adjoint representation). The currying5 of the Lie
bracket [·, ·] of a Lie algebra 𝑉 is called the adjoint representation

ad : 𝑉 → 𝑉 → 𝑉︸  ︷︷  ︸
𝔤𝔩 (𝑉 )

, ad®𝑢 (®𝑣) := [®𝑢, ®𝑣] . (94)

As a direct consequence of the Jacobi identity for [·, ·]:
Proposition A.1. ad : (𝑉 , [·, ·]) → (𝔤𝔩(𝑉 ), [·, ·]commutator) is a Lie
algebra homomorphism.

Proof. By currying the Jacobi identity [®𝑎, [®𝑏, ®𝑐]] + [®𝑏, [®𝑐, ®𝑎]] +
[®𝑐, [®𝑎, ®𝑏]] = 0 we obtain ad®𝑎 ad®𝑏 ®𝑐 − ad®𝑏 ad®𝑎 ®𝑐 − ad[ ®𝑎,®𝑏 ] ®𝑐 = 0. There-

fore ad[ ®𝑎,®𝑏 ] = [ad®𝑎, ad®𝑏 ]commutator. □

Here, a Lie algebra homomorphism between two Lie algebras

(𝑈 , [·, ·]), (𝑉 , [·, ·]) is referred to as a linear map 𝐴 : 𝑈 → 𝑉 so that

𝐴( [®𝑢1, ®𝑢2]) = [𝐴®𝑢1, 𝐴®𝑢2]. A Lie algebra anti-homomorphism is

a linear map satisfying 𝐴( [®𝑢1, ®𝑢2]) = −[𝐴®𝑢1, 𝐴®𝑢2] instead.
The classes of Lie algebras that will be relevant in our context are

the following two examples.

Example A.1. The tangent space 𝔤 = 𝑇𝑒𝐺 to a Lie group 𝐺 at the
identity 𝑒 ∈ 𝐺 is a Lie algebra. The Lie bracket is given by themixed 2nd
derivative of the conjugation expression (𝑔 ∈ 𝐺,ℎ ∈ 𝐺) ↦→ 𝑔ℎ𝑔−1 ∈ 𝐺
at the identity

[®𝑢, ®𝑣] :=
𝜕

𝜕𝑔

(
𝜕

𝜕ℎ

(
𝑔ℎ𝑔−1

)
ℎ=𝑒
⟦®𝑣⟧

)
𝑔=𝑒

⟦®𝑢⟧. (95)

The next example says that the space of vector fields on a domain

is naturally a Lie algebra. To concisely describe it, the space Γ(𝑇𝑀)
of tangent vector fields on a manifold𝑀 is identified with the space

Der(C∞ (𝑀)) of derivations for scalar functions on 𝑀 . Here, a

derivation is any linear operator 𝐷 : C∞ (𝑀) linear−−−−−→ C∞ (𝑀) satisfy-
ing the Leibniz rule 𝐷 (𝑓 𝑔) = 𝐷 (𝑓 )𝑔 + 𝑓 𝐷 (𝑔). Every tangent vector

field ®𝑢 can be taken as a derivation, being the directional derivative

operator: (®𝑢 ▷ ) ∈ Der(C∞ (𝑀)), ®𝑢 ▷ 𝑓 := 𝑑 𝑓 ⟦®𝑢⟧. Conversely, each
derivation can be regarded as a directional derivative operator along

a vector field [nLab authors 2024]. In graphics, this representation

of vector fields has been used for tangent vector field processing

and solving PDEs on surfaces [Azencot et al. 2013, 2014, 2015].

Example A.2. The space 𝔛(𝑀) = Der(C∞ (𝑀)) of tangent vector
fields on a manifold𝑀 is a Lie algebra, with [®𝑢, ®𝑣]▷ := (®𝑢 ▷ ) (®𝑣 ▷ ) −
(®𝑣 ▷ ) (®𝑢 ▷ ).
The following proposition combines Example A.1 and Example A.2

in the context of group actions. A group action of a Lie group𝐺 on

a manifold𝑀 is a (anti-)homomorphism Φ from 𝐺 to smooth maps

5
As the currying operation in functional programming.

from𝑀 to𝑀 (with composition “◦” of smooth maps as the group

operation). Spelling it out, we have type Φ : 𝐺
hom−−−→ (𝑀 → 𝑀). That

is, Φ(𝑔1𝑔2) (𝑥) = Φ(𝑔1)Φ(𝑔2) (𝑥), 𝑔1, 𝑔2 ∈ 𝐺, 𝑥 ∈ 𝑀 . We call such Φ a

left action. If Φ : 𝐺
anti-hom−−−−−−−→ (𝑀 → 𝑀) is an anti-homomorphism,

i.e. Φ(𝑔1𝑔2) (𝑥) = Φ(𝑔2)Φ(𝑔1) (𝑥), we call Φ a right action.

Note that if Φ : 𝐺
(anti-)hom

−−−−−−−−→ (𝑀 → 𝑀) is a group action, then its

differential at the identity is a linear map from 𝔤 = 𝑇𝑒𝐺 to the space

of tangent vector fields 𝔛(𝑀) on𝑀 , representing an infinitesimal

motion.

Proposition A.2. The differential 𝑑Φ|𝑒 of a left action Φ : 𝐺
hom−−−→

(𝑀 → 𝑀) at the identity is a Lie algebra anti-homomorphism

𝑑Φ|𝑒 : 𝔤

Lie alg

anti-hom−−−−−−−→ 𝔛(𝑀). Likewise, the differential of a right action
Φ : 𝐺

anti-hom−−−−−−−→ (𝑀 → 𝑀) at the identity is a Lie algebra homomor-

phism 𝑑Φ|𝑒 : 𝔤

Lie alg

hom−−−−−→ 𝔛(𝑀).

Proof. [Lee 2013, Theorem 20.15]. □

A.2 Poisson Structure
AHamiltonian dynamical system is a 1st order ODE on a phase space.

This phase space has a structure that turns a Hamiltonian function

into a vector field describing the ODE. In the most general setting,

this structure is the Poisson structure. There are two special examples

of spaces that are naturally endowed with Poisson structures. One

example is any symplectic space (Section A.3). The second example

is the dual vector space of any Lie algebra (Section A.5).

Definition A.3. A Poisson manifold (or Poisson space) is a mani-
fold (or vector space) 𝑃 equipped with a Lie algebra structure on the

scalar functions {·, ·} : C∞ (𝑃)×C∞ (𝑃) Lie bracket−−−−−−−−−→ C∞ (𝑃), satisfying
that {𝑓 , ·} : C∞ (𝑃) → C∞ (𝑃) is a derivation for every 𝑓 ∈ C∞ (𝑃).
Definition A.4. The vector field ®𝑋 𝑓 ∈ Γ(𝑇𝑃) associated with the
derivation {𝑓 , ·} = ®𝑋 𝑓 ▷ (·) is called the symplectic gradient field (or
the Hamiltonian vector field) of 𝑓 ∈ C∞ (𝑃), denoted by sgrad 𝑓 :=

®𝑋 𝑓 .

Definition A.5 (Hamiltonian system). A Hamiltonian dynamical
system (𝑃, 𝐻 ) for a Hamiltonian function 𝐻 ∈ C∞ (𝑃) on a Poisson
manifold 𝑃 is a time-dependent position 𝑥 (𝑡) ∈ 𝑃 governed by the
ODE 𝑑

𝑑𝑡
𝑥 (𝑡) = − sgrad𝐻 |𝑥 (𝑡 ) .

A.2.1 Properties of sgrad. The operator sgrad is derived directly

from the Poisson structure {·, ·}. It turns each Hamiltonian function

into a Hamiltonian dynamical system. The following is an important

property of sgrad.

Proposition A.3. The symplectic gradient operator

sgrad : (C∞ (𝑃), {·, ·}) → (𝔛(𝑃), [·, ·]) (96)

is a Lie algebra homomorphism.

Proof. Observe that sgrad is the currying of the Poisson bracket

({𝑓 , ·} = sgrad(𝑓 )▷) analogous to that ad is the currying of a Lie

bracket. The proof follows by replicating the proof of Proposition A.1.

□
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Definition A.6. The space 𝔥𝔞𝔪(𝑃) of Hamiltonian vector fields on 𝑃
is the Lie subalgebra 𝔥𝔞𝔪(𝑃) := im(sgrad) ⊂ 𝔛(𝑃).
Note that the “integration” operator (defined up to a Casimir

function which we will introduce later in Definition A.10)

sgrad
−1

: (𝔥𝔞𝔪(𝑃), [·, ·]) → (C∞ (𝑃), {·, ·}) (97)

is also a Lie algebra homomorphism. This will be convenient when

we discuss momentum maps.

A.2.2 Poisson Maps. A Poisson map is a Poisson-structure preserv-

ing map. As such Hamiltonian systems map to each other.

Definition A.7. A map 𝜙 : 𝑃1 → 𝑃2 between two Poisson manifolds
(𝑃1, {·, ·}1) and (𝑃2, {·, ·}2) is called a Poissonmap if {𝑓 ◦𝜙,𝑔◦𝜙}1 =

{𝑓 , 𝑔}2 ◦ 𝜙 for all 𝑓 , 𝑔 ∈ C∞ (𝑃2). The map is called an anti-Poisson
map if {𝑓 ◦ 𝜙,𝑔 ◦ 𝜙}1 = −{𝑓 , 𝑔}2 ◦ 𝜙 .
Proposition A.4. Let 𝜙 : (𝑃1, {·, ·}1) → (𝑃2, {·, ·}2) be a Poisson
map. Let𝐻 ∈ C∞ (𝑃2) be a Hamiltonian function defining a Hamilton-
ian system (𝑃2, 𝐻 ). If 𝑥 (𝑡) ∈ 𝑃1 is a solution to the dynamical system
(𝑃1, 𝐻 ◦ 𝜙) then (𝜙 ◦ 𝑥) (𝑡) is a solution to the system (𝑃2, 𝐻 ). If 𝜙 is
an anti-Poisson map instead, then 𝜙 ◦ 𝑥 is a solution to the system
(𝑃2, 𝐻 ) but reversed in time.

A.3 Symplectic Manifolds are Poisson
In elementary classical mechanics, the phase space of a mechanical

system is introduced as the space of positions 𝑞 and the correspond-

ing momenta 𝑝 . These position–momentum (𝑞𝑝) phase spaces are

symplectic spaces or, more generally, symplectic manifolds. Indeed,

symplectic manifolds are special cases of Poisson manifolds.

Definition A.8. A symplectic manifold is a manifold Σ equipped
with a non-degenerate 2-form 𝜎 ∈ Ω2 (Σ).

By currying, the symplectic structure 𝜎 gives rise to a “flat” oper-

ator (analogous to the ♭, ♯ for an inner product structure)

ˆ♭𝑥 : 𝑇𝑥Σ
linear−−−−−→ 𝑇 ∗𝑥 Σ, ˆ♭𝑥 (®𝑣) (·) := 𝜎𝑥 (®𝑣, ·), 𝑥 ∈ Σ, ®𝑣 ∈ 𝑇𝑥Σ. (98)

The non-degeneracy of 𝜎 means that
ˆ♭ is invertible, defining ˆ♯𝑥 :=

ˆ♭−1

𝑥 : 𝑇 ∗𝑥 Σ → 𝑇𝑥Σ. Using a symplectic structure, one defines the

symplectic gradient of a function 𝑓 ∈ C∞ (Σ) by

sgrad 𝑓 := ˆ♯(𝑑 𝑓 ), equivalently 𝑖
sgrad 𝑓 𝜎 = 𝑑 𝑓 , (99)

where 𝑖 ( ·) (·) is the interior product. Every symplectic structure

gives rise to a natural Poisson structure:

{𝑓 , 𝑔} := −𝜎 (sgrad 𝑓 , sgrad𝑔) (100a)

= −𝑑 𝑓 ⟦sgrad𝑔⟧ = 𝑑𝑔⟦sgrad 𝑓 ⟧. (100b)

Definition A.9. A vector field ®𝑋 ∈ 𝔛(Σ) is symplectomorphic
if L ®𝑋 𝜎 = 0. That is, the flow 𝜑𝑡 : Σ → Σ generated by ®𝑋 ( 𝜕𝜕𝑡 𝜑

𝑡 =

®𝑋 ◦ 𝜑𝑡 , 𝜑0 = idΣ) preserves the symplectic form 𝜑𝑡∗𝜎 = 𝜎 .

Proposition A.5. All Hamiltonian vector fields are symplectomorphic
(Liouville theorem). On simply connected symplectic manifolds, all
symplectomorphic vector fields are also Hamiltonian.

Proof. By Cartan’s formulaLsgrad 𝑓 𝜎
𝑑𝜎=0

= 𝑑𝑖
sgrad 𝑓 𝜎

(99)

= 𝑑𝑑 𝑓 =

0. Conversely, if L ®𝑋 𝜎 = 0, then 𝑑𝑖 ®𝑋𝜎 = 0. On simply-connected

Σ this implies that there exists 𝑓 so that 𝑑 𝑓 = 𝑖 ®𝑋𝜎 ; that is,
®𝑋 =

sgrad 𝑓 . □

Example A.3 (qp-space). The space of positions q ∈ R𝑚 and mo-
menta p ∈ R𝑚 of a generic finite dimensional mechanical system
form a symplectic space Σ = R2𝑚 ∋ (q, p) with symplectic form
𝜎 =

∑𝑚
i=1

𝑑𝑝i ∧ 𝑑𝑞i. Note that 𝜎 = 𝑑𝜗 where 𝜗 =
∑𝑚
i=1

𝑝i𝑑𝑞i is
called the Liouville 1-form. Now, given any function 𝐻 ∈ C∞ (𝑃),
the Hamiltonian dynamical system (Definition A.5) is given by
𝑑
𝑑𝑡
𝑞i (𝑡) = 𝜕𝐻

𝜕𝑝i
, 𝑑
𝑑𝑡
𝑝i (𝑡) = − 𝜕𝐻

𝜕𝑞i
. One checks that this sgrad𝐻 sat-

isfies 𝑖
sgrad𝐻𝜎 = 𝑑𝐻 =

∑𝑚
i=1

𝜕𝐻
𝜕𝑞i

𝑑𝑞i + 𝜕𝐻
𝜕𝑝i

𝑑𝑝i.

Example A.4 (Cotangent bundles). The coordinate-free version of
Example A.3 is the cotangent bundle Σ = 𝑇 ∗𝑄 over a space 𝑄 of
positions. Each element (𝑞, 𝑝) ∈ 𝑇 ∗𝑄 takes the form of 𝑞 ∈ 𝑄 and
𝑝 ∈ 𝑇 ∗𝑞𝑄 . Let 𝜋 : 𝑇 ∗𝑄 → 𝑄 , (𝑞, 𝑝) ↦→ 𝑞, denote the projection from the
bundle to the base. Then we can define the Liouville 1-form 𝜗 ∈ Ω1 (Σ)
by 𝜗 (𝑞,𝑝 )⟦ ®𝑋⟧ := ⟨𝑝 |𝑑𝜋 ( ®𝑋 )⟩ for ®𝑋 ∈ 𝑇(𝑞,𝑝 ) (Σ). The symplectic form
𝜎 for Σ is given by 𝜎 = 𝑑𝜗 .

A.3.1 Lifted Map and Lifted Vector Field. There is a general way
for constructing a symplectomorphic map on a cotangent bundle

𝑇 ∗𝑄 . Suppose 𝜑 : 𝑄 → 𝑄 is a map on 𝑄 . Then its lifted map, given
by 𝜑̃ : 𝑇 ∗𝑄 → 𝑇 ∗𝑄 , 𝜑̃ (𝑞, 𝑝) := (𝜑 (𝑞), (𝜑−1)∗𝑝), is a symplectomor-

phism. That is, 𝜑̃∗𝜎 = 𝜎 .

Similarly, each vector field ®𝑋 ∈ 𝔛(𝑄) can be lifted into a sym-

plectomorphic vector field
˜®𝑋 , whose flow map is the lifted map of

the flow map generated by ®𝑋 . Concretely, ˜®𝑋 = − sgrad𝐻 where

𝐻 : 𝑇 ∗𝑄 → R, 𝐻 (𝑞, 𝑝) := ⟨𝑝 | ®𝑋 ⟩.

A.4 Poisson Manifolds have Symplectic Foliations
We have seen that every symplectic manifold is Poisson. What about

the converse? It turns out that every Poisson manifold is foliated into

(i.e. decomposed into a disjoint union of) symplectic submanifolds,

as discussed below.

If one is given a Poisson manifold (𝑃, {·, ·}), one can reconstruct

the
ˆ♯ operator so that the symplectic gradient of Definition A.4 can

be represented by sgrad 𝑓 = ˆ♯𝑑 𝑓 . If the ˆ♯ operator from a Poisson

structure is invertible, then the Poisson manifold is symplectic with

symplectic structure
ˆ♭ := ˆ♯−1

. A more general Poisson manifold may

have a non-invertible
ˆ♯. Remarkably, even when

ˆ♯ is not invertible,

the subspace field im(ˆ♯𝑥 ) ⊂ 𝑇𝑥𝑃 is integrable; i.e. 𝑃 is foliated

into submanifolds with im(ˆ♯𝑥 ) being the tangent spaces of these

submanifolds. These submanifolds are symplectic since
ˆ♯ is invertible

on their tangent spaces. Each of these submanifolds is called a

symplectic leaf.
Note that since sgrad 𝑓 = ˆ♯𝑑 𝑓 , we have sgrad 𝑓 ∈ im(ˆ♯) tangential

to the symplectic leaves. Therefore, every Hamiltonian dynamical

system on a Poisson manifold stays in a symplectic leaf.

Definition A.10 (Casimir). A function 𝐶 : 𝑃 → R on a Poisson
manifold 𝑃 is called a Casimir if it is constant on each symplectic
leaf.

Proposition A.6. Each Casimir function is conserved under any
Hamiltonian dynamical system on a Poisson manifold.
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Proof. Every Hamiltonian flow stays in a symplectic leaf, on

which any Casimir function is constant. □

A.5 Dual Lie Algebras are Poisson
Lie algebra: (𝑉 , [·, ·]). Dual Lie algebra: its dual vector space𝑉 ∗. The
Lie–Poisson structure:

{·, ·} : C∞ (𝑉 ∗) × C∞ (𝑉 ∗) → C∞ (𝑉 ∗) (101a)

{𝑓 , 𝑔}𝛼 :=

〈
𝛼

��� [𝑑 𝑓𝛼 , 𝑑𝑔𝛼 ]〉 , 𝛼 ∈ 𝑉 ∗, 𝑓 , 𝑔 ∈ C∞ (𝑉 ∗). (101b)

Here 𝑑 𝑓𝛼 ∈ 𝑇 ∗𝛼𝑉 ∗ (and 𝑑𝑔𝛼 ) is the differential of 𝑓 at 𝛼 , which can

be viewed as an element of 𝑉 (by 𝑇 ∗𝛼𝑉
∗ = 𝑉 ∗∗ = 𝑉 ). Thus it makes

sense to take [·, ·] between 𝑑 𝑓𝛼 , 𝑑𝑔𝛼 , returning another element in

𝑉 , which is finally paired with the covector 𝛼 ∈ 𝑉 ∗.
Example A.5 (Dual space of functions on a Poisson space). Here
is an example of a dual Lie algebra. Recall that C∞ (𝑃) of a Poisson
space (𝑃, {·, ·}) is a Lie algebra with Lie bracket being {·, ·}. Its dual
space, C∞ (𝑃)∗, is the space of distributions. A subset of distributions is
the space of point measures, identified with 𝑃 itself, 𝑃 ⊂ C∞ (𝑃)∗ with
the dual pairing being the point evaluation. The Lie–Poisson structure
(101) on 𝑃 ⊂ C∞ (𝑃)∗ as in the dual Lie algebra is just the original
Poisson structure on 𝑃 .

Proposition A.7. The symplectic gradient sgrad 𝑓 ∈ 𝔛(𝑉 ∗) of a
function 𝑓 : 𝑉 ∗ → R on the dual Lie algebra 𝑉 ∗ with the Lie–Poisson
bracket (101) is given by

sgrad 𝑓 |𝛼 = ad
⊺
𝑑𝑓𝛼

𝛼, 𝛼 ∈ 𝑉 ∗ (102)

Proof. Using the adjoint representation of Definition A.2, rewrite

(101b) as {𝑓 , 𝑔}𝛼 = ⟨𝛼 | ad𝑑𝑓𝛼 (𝑑𝑔𝛼 )⟩ = ⟨ad
⊺
𝑑𝑓𝛼

𝛼 |𝑑𝑔𝛼 ⟩ = ad
⊺
𝑑𝑓𝛼

▷𝑔.

Eq. (102) follows by Definition A.4. □

Definition A.11 (Coadjoint action). Let ®𝑣 ∈ 𝑉 be an element of
a Lie algebra 𝑉 . The operator ad

⊺
®𝑣 : 𝑉 ∗ → 𝑉 ∗ is an infinitesimal

coadjoint action by ®𝑣 .
Definition A.12 (Coadjoint orbits). Let 𝛼0 ∈ 𝑉 ∗ be a point in a
dual Lie algebra 𝑉 ∗. Consider the set O𝛼0

of all possible endpoints
𝛾 (1) of arbitrary paths 𝛾 : [0, 1] → 𝑉 ∗ starting at 𝛾 (0) = 𝛼0 so that
𝛾 ′ (𝑡) = ad

⊺
®𝑣 (𝑡 ) (𝛾 (𝑡)) for some ®𝑣 (𝑡) ∈ 𝑉 . That is, O𝛼0

is the set of
points that can be reached by infinitesimal coadjoint actions. The set
O𝛼0
⊂ 𝑉 ∗ is called the coadjoint orbit of 𝛼0.

The following proposition is an immediate consequence of (102).

Proposition A.8. Any path of a Hamiltonian dynamical system on
any dual Lie algebra stays on a coadjoint orbit.

Proof. Hamiltonian dynamical systems (Definition A.5) is in the

form of coadjoint actions by (102). Therefore they generate paths

that lie in coadjoint orbits. □

In fact, coadjoint orbits are exactly the symplectic leaves.

Proposition A.9. Coadjoint orbits coincide with the symplectic leaves
in any dual Lie algebra.

Proof. At each point 𝛼 ∈ 𝑉 ∗, the subspace {sgrad 𝑓 |𝛼 |𝑓 ∈
C∞ (𝑉 ∗)} coincides with im(ˆ♯𝛼 ) and, by (102), {ad

⊺
®𝑣 𝛼 |®𝑣 ∈ 𝑉 }. im(ˆ♯)

integrates into symplectic leaves, and {ad
⊺
®𝑣 𝛼 |®𝑣 ∈ 𝑉 } integrates into

coadjoint orbits. □

Note that these Poisson structures and coadjoint orbit structures

in a dual Lie algebra are canonically derived directly from the

Lie algebra structure. An immediate consequence is the following

proposition.

Proposition A.10. Let 𝑈 ,𝑉 be two Lie algebras. If 𝐴 : 𝑈 → 𝑉 is a
Lie algebra homomorphism, then 𝐴⊺

: 𝑉 ∗ → 𝑈 ∗ is a Poisson map.
Likewise if 𝐴 : 𝑈 → 𝑉 is a Lie algebra anti-homomorphism, then
𝐴⊺

: 𝑉 ∗ → 𝑈 ∗ is an anti-Poisson map.

A.6 Momentum Maps
Let 𝑃 be a Poisson space. Let 𝑉 be a linear subspace of Hamiltonian

vector fields (Definition A.6) on 𝑃 with the inclusion map

𝐼 : 𝑉
linear

↩−−−−→ 𝔥𝔞𝔪(𝑃). (103)

Definition A.13 (Momentum map). Amomentum map associated
to 𝐼 : 𝑉 ↩→ 𝔥𝔞𝔪(𝑃) is a function 𝐽 : 𝑃 → 𝑉 ∗ so that ⟨𝐽 (·) |®𝑣⟩ : 𝑃 → R
is the Hamiltonian function that generates the Hamiltonian vector
field 𝐼 (®𝑣) for all ®𝑣 . That is,

− sgrad⟨𝐽 |®𝑣⟩ = 𝐼 (®𝑣), ®𝑣 ∈ 𝑉 . (104)

An explicit formula for a momentum map is

𝐽 = −𝐼⊺ ◦ sgrad
−⊺ . (105)

To understand, recall sgrad
−1

is a map of type sgrad
−1

: 𝔥𝔞𝔪(𝑃) →
C∞ (𝑃), which is a Lie algebra homomorphism (cf. (97)). In particular,

sgrad
−⊺

is a Poisson map from distributions C∞ (𝑃)∗ to 𝔥𝔞𝔪(𝑃)∗
(Proposition A.10). Here we restrict sgrad

−⊺
to 𝑃 ⊂ C∞ (𝑃)∗; see

Example A.5.

Proposition A.11 (Momentum maps for Lie subalgebras are Pois-

son). If𝑉 is an (anti)-Lie subalgebra of 𝔥𝔞𝔪(𝑃), i.e. 𝐼 is a Lie algebra
(anti-)homomorphism, then the momentum map 𝐽 (105) is an (anti-
)Poisson map.

Proof. 𝐽 is a composition of a Poisson map sgrad
−⊺

and an

(anti-)Poisson map 𝐼⊺ (Proposition A.10). □

Example A.6 (Momentum maps for lifted vector fields on cotangent

bundles). Let 𝑃 be a cotangent bundle 𝑇 ∗𝑄 . Let 𝑉 ⊂ 𝔛(𝑄) be a sub-
space of vector fields on𝑄 and let 𝐼 : 𝑉 → 𝔥𝔞𝔪(𝑇 ∗𝑄), ®𝑣 ↦→ ˜®𝑣 , be lifted
vector fields (Section A.3.1). Then we can write down the associated
momentum map 𝐽 explicitly as ⟨𝐽 (𝑞, 𝑝) |®𝑣⟩ = 𝜗 (𝑞,𝑝 )⟦𝐼 (®𝑣)⟧ = ⟨𝑝 |®𝑣⟩,
where 𝜗 is the Liouville form (Example A.4).

Example A.7 (Momentum map associated to symplectomorphic

group actions). Let (Σ, 𝜎) be a symplectic manifold. Let Φ : 𝐺
hom−−−→

(Σ → Σ) be a left action on Σ by a Lie group 𝐺 so that Φ∗𝑔𝜎 = 𝜎

for all 𝑔 ∈ 𝐺 . That is, the group action produces symplectomorphic
maps Φ𝑔 : Σ → Σ. Then 𝑑Φ|𝑒 : 𝔤 → 𝔛(Σ) is a Lie algebra anti-
homomorphism (Proposition A.2). Moreover, the image of 𝑑Φ|𝑒 is
always a symplectomorphic vector field (Definition A.9). Assuming Σ
being simply-connected, by Proposition A.5, these symplectomorphic
vector fields are Hamiltonian vector fields. That is, we have a Lie
algebra anti-homomorphism 𝐼 := 𝑑Φ|𝑒 : 𝔤 → 𝔥𝔞𝔪(Σ). Therefore
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the associated momentum map 𝐽 : Σ → 𝔤∗ is an anti-Poisson map
(Proposition A.11).

Combining (104) and (99), we have that the momentum maps for
symplectomorphic actions satisfy

−𝑑 ⟨𝐽 |®𝑣⟩ = 𝑖𝐼 (®𝑣)𝜎, ®𝑣 ∈ 𝔤. (106)

Example A.8 (Momentum map associated to group actions on

cotangent bundles). Let Φ : 𝐺
hom−−−→ (𝑄 → 𝑄) be a left action on

𝑄 by a Lie group 𝐺 . Then 𝑑Φ|𝑒 : 𝔤 → 𝔛(𝑄) is a Lie algebra anti-
homomorphism (Proposition A.2). The vector fields can be lifted to the
cotangent bundle using Section A.3.1 and Example A.6, giving us a Lie
algebra anti-homomorphism 𝐼 := 𝑑Φ|𝑒 : 𝔤→ 𝔥𝔞𝔪(𝑇 ∗𝑄). Therefore,
the associated momentum map 𝐽 : 𝑇 ∗𝑄 → 𝔤∗ is an anti-Poisson map
(Proposition A.11).

B RELATION TO NON-HOLONOMICITY
Here we expand the discussion on the relation between the lack of

Poisson structure for the dual space 𝔅∗
div

in Section 4.2.1 and the

non-holonomicity problem in the literature.

The problem here, that the space of discrete vector fields is not Lie

algebraically closed, has been observed in previous work in computer

graphics that searches for structure preserving discretizations of the

Euler equation. In the setup of [Pavlov et al. 2011; Mullen et al. 2009],

the discretization is constructed by replacing the function space

𝐶∞ (𝑊 ) by a finite dimensional function spaceR𝑁
(e.g. the piecewise

linear functions over a simplicial mesh with 𝑁 vertices). This leads

to that the Lie algebra 𝔛
div
(𝑊 ) is replaced by a finite dimensional

Lie algebra 𝔰𝔬(𝑁 ) of stochastic matrices as the generators of volume-

preserving diffeomorphisms. Although 𝔰𝔬(𝑁 ) is a Lie algebra, the
only vector fields that are computationally meaningful (representing

discrete directional derivative operators) are restricted to a subspace

𝑆 ⊂ 𝔰𝔬(𝑁 ) characterized by an additional sparsity condition on

the stochastic matrices. This sparsity constraint is referred to as a

non-holonomic constraint [Pavlov et al. 2011, § 2.4, § 4.1], which is

equivalent to that the subspace 𝑆 is not Lie algebraically closed. The

same non-holonomic constraint is present in the spectral variational

integrator of [Liu et al. 2015, § 3.2]. In these works, the resulting

equations of motion are no longer pure coadjoint actions on the

circulation variables like (26). Instead, these equations are in their

weak form, where the circulation variable is restricted to stay on 𝑆∗

and the coadjoint equation is only tested against vectors in 𝑆 . In

particular, the coadjoint orbit conservation is not guaranteed, as

remarked at the end of § 4 of [Pavlov et al. 2011]. This is consistent

with our observation that the dual space 𝑆∗ of a non-holonomic

velocity space 𝑆 is not a Poisson space, since otherwise 𝑆∗ would
have been foliated into coadjoint orbits conserved by the methods

of [Mullen et al. 2009; Pavlov et al. 2011; Liu et al. 2015].

One structure-preserving method in computer graphics that is

able to circumvent the non-holonomic projection is the 2D vorticity

method of Azencot et al. [2014]. This method follows the setup of

[Pavlov et al. 2011] that the space of velocity is a non-holonomic

𝑆 ⊂ 𝔰𝔬(𝑁 ). However, instead of formulating a dynamical system for

elements in 𝑆∗, the phase space is the space of vorticity function

R𝑁
, which is acted by unitary matrices generated by elements in

𝑆 ⊂ 𝔰𝔬(𝑁 ). In particular, we obtain exact conservation on the ℓ2
-

norm of the R𝑁
vorticity, and indeed the ℓ2

-norm on R𝑁
is one of

the Casimirs. Our method uses a similar technique (Section 4.3) of

maintaining an advected object to obtain coadjoint orbit preservation,

but this time on the original fluid’s Lie algebra 𝔛
div

rather than on

𝔰𝔬(𝑁 ) and the method works in both 2D and 3D.

C PROOFS

C.1 Derivation of (12)
The orthogonal projection g = P𝔅

div

f of f ∈ 𝔅 to 𝔅
div

= ker(d) is
the solution to

minimizeg
1

2
(g − f)⊺ ★ (g − f) subject to dg = 0 (107)

The minimizing condition is given by ★(g − f) + d⊺p = 0 for some

Lagrange multiplier p. Solving the system{
★(g − f) + d⊺p = 0
dg = 0

(108)

yields p = (d★−1 d⊺)−1df and g = f −★−1d⊺p = f −★−1d⊺ (d★−1

d⊺)−1df . Therefore, P𝔅
div

= id − ★−1 d⊺ (d★−1 d⊺)−1d. □

C.2 Proof of Theorem 3.1
In this proof we will repeatedly using the linear algebraic fact

that ⟨Pa, b⟩ = ⟨a, b⟩ if P is an orthogonal projection to a subspace 𝐵

respecting the inner product structure ⟨·, ·⟩, and b lies in the subspace
𝐵.

Let Ig ∈ I(𝔅
div
) be an arbitrary interpolated divergence-free

vector field. Then

⎷IP𝔅
div

(f) − P𝔛
div

I(f),I(g)⌄ (109)

= ⎷IP𝔅
div

(f),I(g)⌄ − ⎷P𝔛
div

I(f),I(g)⌄ (110)

= ⟨P𝔅
div

(f), g⟩𝔅 − ⎷I(f),I(g)⌄ (111)

= ⟨f, g⟩𝔅 − ⟨f, g⟩𝔅 = 0, (112)

where we have used that P𝔛
div

is an orthogonal projection respecting

⎷·, ·⌄, P𝔅
div

is an orthogonal projection with respect to ⟨·, ·⟩𝔅, and
⟨·, ·⟩𝔅 = ⎷I(·),I(·)⌄. Therefore, IP𝔅

div

(f) − P𝔛
div

I(f) is orthogo-
nal to I(𝔅

div
). □

C.3 Proof of Theorem 3.2
In (15) if ®𝑢p is a sampling of a vector field ®𝑢 = I(f) in I(𝔅) at the
particles, then the minimization problem minf ′∈𝔅

∑
p∈P |I(f ′)®𝑥p −

I(f)®𝑥p |
2
can attain zero by f ′ = f uniquely, assuming that the

minimization is unique guaranteed by sufficiently many samples.

Therefore
ˆI+ ( ®𝑥,I(f)) recovers f . □

C.4 Proof of Proposition 4.1

Represent div as a map to the space Ω𝑛 (𝑊 ) of measures 𝔛(𝑊 ) div−−→
Ω𝑛 (𝑊 ), by div ®𝑣 = L®𝑣 (𝑑𝜇) = 𝑑𝑖®𝑣 (𝑑𝜇) ∈ Ω𝑛 (𝑊 ) where 𝑑𝜇 is the

volume form. Then 0 → 𝔛
div
(𝑊 ) ↩→ 𝔛(𝑊 ) div−−→ Ω𝑛 (𝑊 ) is an

exact sequence. Take the dual of this sequence yields another exact

sequence 𝐶0 (𝑊 ) 𝑑−→ Ω1 (𝑊 ) → 𝔛∗
div
(𝑊 ) → 0. One can check

that ±𝑑 is the adjoint of div. By the first-isomorphism theorem we

conclude 𝔛∗
div
(𝑊 ) = Ω1 (𝑊 )/𝑑Ω0 (𝑊 ). □
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C.5 Proof of Proposition 4.2
The (minus) Lie–Poisson bracket (101) on 𝔛∗

div
(𝑊 ) is given by that

for each functionals 𝐻,𝐺 : 𝔛∗
div
(𝑊 ) → R and [𝜂] ∈ 𝔛∗

div
(𝑊 )

{𝐻,𝐺}[𝜂 ] = −⎯[𝜂]
��� [ 𝛿𝐻

𝛿 [𝜂 ] ,
𝛿𝐺
𝛿 [𝜂 ]

]
 (113)

= −
∫
𝑊

〈
𝜂

��� [ 𝛿𝐻
𝛿 [𝜂 ] ,

𝛿𝐺
𝛿 [𝜂 ]

]〉
𝑑𝜇 (114)

= −
∫
𝑊

L 𝛿𝐻
𝛿 [𝜂 ]

〈
𝜂

���� 𝛿𝐺

𝛿 [𝜂]

〉
𝑑𝜇︸                            ︷︷                            ︸

=
∫
𝑊
⟨𝜂 | 𝛿𝐺

𝛿 [𝜂 ] ⟩ L 𝛿𝐻
𝛿 [𝜂 ]
(𝑑𝜇 )=0

+
∫
𝑊

〈
L 𝛿𝐻

𝛿 [𝜂 ]
𝜂

���� 𝛿𝐺
𝛿 [𝜂 ]

〉
𝑑𝜇.

(115)

Therefore the symplectic gradient (Definition A.4) sgrad𝐻 of 𝐻 is

sgrad𝐻 | [𝜂 ] = [L 𝛿𝐻
𝛿 [𝜂 ]
] = L 𝛿𝐻

𝛿 [𝜂 ]
[𝜂] . (116)

Hence the Hamiltonian dynamical system (Definition A.5)
𝜕
𝜕𝑡 [𝜂] =

− sgrad𝐻 | [𝜂 ] is given by
𝜕
𝜕𝑡 [𝜂] +L 𝛿𝐻

𝛿 [𝜂 ]
[𝜂] = [0] . □

C.6 Proof of Proposition 4.3
Based on the calculation in the proof of Proposition 4.2 ( Ap-

pendix C.5), we have that the coadjoint action ad
⊺
®𝑣 : 𝔛∗

div
(𝑊 ) →

𝔛∗
div
(𝑊 ) for each ®𝑣 ∈ 𝔛

div
(𝑊 ) is given by

ad
⊺
®𝑣 [𝜂] = −L®𝑣 [𝜂] . (117)

We want to show, by Definition A.12, that (i) the resulting [𝜂1] that
solves

𝜕
𝜕𝑡 [𝜂𝑡 ] + L®𝑣 (𝑡 ) [𝜂𝑡 ] = [0] with given [𝜂0] and ®𝑣 : [0, 1] ∈

𝔛
div
(𝑊 ) can be expressed by [𝜂0] = [𝜑∗𝜂1] for some 𝜑 : 𝑊 →𝑊

isotopic to the identity map, and (ii) the converse statement.

For (i), consider 𝜑𝑡 : 𝑊 → 𝑊 ,
𝜕
𝜕𝑡 𝜑𝑡 = ®𝑣 (𝑡) ◦ 𝜑𝑡 , 𝜑0 = id𝑊 , be

the flow map integrated by the given time-dependent ®𝑣 (𝑡) from
𝑡 = 0 to 𝑡 = 1. Then [𝜂𝑡 ] := [(𝜑−1

𝑡 )∗𝜂0] is the solution to
𝜕
𝜕𝑡 [𝜂𝑡 ] +

L®𝑣 (𝑡 ) [𝜂𝑡 ] = [0]. Therefore, at 𝑡 = 1 we have [𝜂1] = [(𝜑−1)∗𝜂0],
which implies [𝜂0] = [𝜑∗𝜂1].

Conversely (ii), suppose 𝜑 : 𝑊 → 𝑊 is isotopic to id𝑊 . Then

there exists a smooth family of maps 𝜑𝑡 : 𝑊 →𝑊 so that 𝜑0 = id𝑊

and 𝜑1 = id𝑊 . Let ®𝑣 (𝑡) be the family of vector fields so that
𝜕
𝜕𝑡 𝜑𝑡 =

®𝑣 (𝑡) ◦𝜑𝑡 . Then [𝜂𝑡 ] := [(𝜑−1

𝑡 )∗𝜂0], with [𝜂0] = [𝜑∗𝜂1] as a result, is
the solution to

𝜕
𝜕𝑡 [𝜂𝑡 ] +L®𝑣 (𝑡 ) [𝜂𝑡 ] = [0]. Therefore [𝜂0] can reach

[𝜂1] by a continuous sequence of coadjoint action, and thus they lie

on the same coadjoint orbit. □

C.7 Proof of Proposition 4.4
The variation of (29) is given by

𝛿𝐻
Euler

𝛿 [𝜂] = ♯𝔛
div

[𝜂] =: ®𝑣 ∈ 𝔛
div
(𝑊 ) (118)

which is the pressure projected 𝜂♯ (cf. (25)). Substituting (118) to

(26) yields the Euler equation (4) or (5). □

C.8 Proof of Theorem 4.1
The Hamiltonian (34) (with (32)) is given by

(𝐻D ◦ I⊺) ( [𝜂]) =
1

2

⟨♯𝔅
div

I⊺ [𝜂], ♯𝔅
div

I⊺ [𝜂]⟩𝔅 (119)

=
1

2

(P𝔅
div

★−1 I⊺ [𝜂])⊺ ★ (P𝔅
div

★−1 I⊺ [𝜂]) .
(120)

Its variation is given by

𝛿 (𝐻D ◦ I⊺)
𝛿 [𝜂] = I ★−1 P⊺

𝔅
div

★ P𝔅
div

★−1 I⊺ [𝜂] . (121)

Note that since P𝔅
div

is an orthogonal projection with respect to

the inner product structure ★, we have the self-adjoint property

★−1P⊺
𝔅

div

★ = P𝔅
div

. Then by idempotence of projection P2

𝔅
div

= P𝔅
div

,

we obtain

𝛿 (𝐻D ◦ I⊺)
𝛿 [𝜂] = IP𝔅

div

★−1 I⊺ [𝜂] . (122)

Substituting (122) to (26) we obtain (35). □

C.9 Theorem 4.2
This is a direct application of Proposition A.4 on 𝐽

adv
: Σ→ 𝔛∗

div
(𝑊 )

being an (anti-)Poisson map.

C.10 Proof of Theorem 4.3
By (106), with (38) adv : 𝔛

div
(𝑊 ) → 𝔥𝔞𝔪(Σ) ⊂ 𝔛(Σ) being the

infinitesimal group action, we have

−𝑑⎷𝐽
adv
(·) | ®𝑤⌄ = 𝑖

adv ®𝑤 (𝑠 )𝜎 ∀ ®𝑤 ∈ 𝔛
div
(𝑊 ) . (123)

Note that we may express the left-hand side as −⎷𝑑 𝐽
adv
| ®𝑤⌄. Now

let us take the derivative of the Hamiltonian 𝐻Σ = 𝐻D ◦ I⊺ ◦ 𝐽adv
:

𝑑𝐻Σ =
𝛿 (𝐻D◦I⊺ )

𝛿 [𝜂 ]
��
[𝜂 ]=𝐽

adv
(𝑠 )𝑑 𝐽adv

|𝑠 (124)

= ⎷𝑑 𝐽
adv
|®𝑣⌄, ®𝑣 = IP𝔅

div

★−1 I⊺ 𝐽
adv
(𝑠) (125)

using (122). Now apply (123), which yields

𝑑𝐻Σ = −𝑖
adv®𝑣 𝑠𝜎. (126)

Therefore by (99) we have

sgrad𝐻Σ |𝑠 = − adv®𝑣 𝑠 . (127)

Hence theHamiltonian flow (DefinitionA.5) for 𝑠 is given by (40). □

C.11 Proofs of Lemma 4.1 and Lemma 4.2
The minimizer f ∈ 𝔅 for

∫
𝑊
|I(f) − 𝜂♯ |2 𝑑𝜇 satisfies the optimality

condition⎷I(f)−𝜂♯,I(˚f)⌄ = 0 for all
˚f ∈ 𝔅. SinceI : (𝔅, ⟨·, ·⟩𝔅) →

(𝔛(𝑊 ), ⎷·, ·⌄) is an isometry, and ♯ : Ω1 (𝑊 ) → 𝔛(𝑊 ) respects the
𝐿2

product ⎷·, ·⌄, the condition becomes that for all
˚f ∈ 𝔅

0 = ⟨f, ˚f⟩𝔅 − ⎷𝜂 |I(˚f)⌄ (128)

= ˚f⊺ ★ f − ⟨I⊺𝜂 |˚f⟩ (129)

= ˚f⊺ (★f − I⊺𝜂) . (130)

Therefore f = ★−1I⊺𝜂, showing (50).
The proof for (51) is the same as the one for (50) with the substi-

tution 𝜂 = 𝐽
adv
( ®𝑥, ®𝑢). □
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C.12 Proof of Theorem 4.5
The proof has two parts. First we show that states 𝐽

adv
(𝑠 (n) ) stay on

the same coadjoint orbit. Second, we show that E (n) = E(𝑠 (n) ) :=

𝐻D ◦ I⊺ ◦ 𝐽adv
(𝑠 (n) ) is n-invariant.

C.12.1 Coadjoint Orbit Conservation. To show the coadjoint orbit

conservation we need the following lemma.

Lemma C.1. For each ®𝑣1, ®𝑣2 ∈ 𝔛div
(𝑊 ) and 𝑠 ∈ Σ, we have

𝑖
adv®𝑣

2
𝑠𝑖adv®𝑣

1
𝑠𝜎 = ⎷𝐽

adv
(𝑠) | [®𝑣1, ®𝑣2]⌄. (131)

Proof. The formula (131) we want to show is an equality between

functions defined over 𝑠 ∈ Σ. That is we want to show the functional

relation 𝑖
adv(®𝑣2 )𝑖adv(®𝑣1 )𝜎 = ⎷𝐽

adv
| [®𝑣1, ®𝑣2]⌄, where adv : 𝔛

div
(𝑊 ) →

𝔛(Σ) is a Lie algebra homomorphism that results in a vector field. To

show this functional relation, it suffices to show that their differen-

tials are equal: We claim that 𝑑𝑖
adv(®𝑣2 )𝑖adv(®𝑣1 )𝜎 = 𝑑⎷𝐽

adv
| [®𝑣1, ®𝑣2]⌄.

Using (106) and that adv is a Lie algebra homomorphism, we have

𝑑⎷𝐽
adv
| [®𝑣1, ®𝑣2]⌄ = −𝑖adv( [ ®𝑣1,®𝑣2 ] )𝜎 (132)

= −𝑖 [adv(®𝑣1 ),adv(®𝑣2 ) ]𝜎 (133)

= −Ladv(®𝑣1 ) 𝑖adv(®𝑣2 )𝜎 + 𝑖adv(®𝑣2 ) Ladv(®𝑣1 ) 𝜎 (134)

= −𝑑𝑖
adv(®𝑣1 )𝑖adv(®𝑣2 )𝜎, (135)

where the last equality uses the Cartan formula, 𝑑𝜎 = 0, and that

adv(®𝑣1), adv(®𝑣2) are symplectomorphic Ladv(®𝑣1 ) 𝜎 = Ladv(®𝑣2 ) 𝜎 =

0. □

Now we are ready to show that (40) preserves the coadjoint

orbit. The update (35a) 𝑠 (n+1) = Adv𝜑 (𝛥𝑡 ) 𝑠
(n)

is the solution to the

following ODE for a fixed ®𝑣
𝜕
𝜕𝑡 𝑠𝑡 = adv®𝑣 𝑠𝑡 , 𝑠0 = 𝑠 (n) , 𝑠 (n+1) = 𝑠1 . (136)

We show that during this update, [𝜂𝑡 ] := 𝐽
adv
(𝑠𝑡 ) evolves tangential

to the coadjoint orbit. Taking the time derivative, we get

𝜕
𝜕𝑡 [𝜂𝑡 ] =

𝜕
𝜕𝑡 𝐽adv

(𝑠𝑡 ) = 𝑑 𝐽
adv
|𝑠𝑡 ⟦

𝜕𝑠𝑡
𝜕𝑡 ⟧ = 𝑑 𝐽

adv
|𝑠𝑡 ⟦adv®𝑣 𝑠𝑡⟧. (137)

Take an arbitrary test vector field
®𝜉 ∈ 𝔛

div
(𝑊 ) to pair with this

formula

⎷ 𝜕
𝜕𝑡 [𝜂𝑡 ] | ®𝜉⌄ = ⎯𝑑 𝐽adv

|𝑠𝑡 ⟦adv®𝑣 𝑠𝑡⟧
���®𝜉 (138)

= 𝑖
adv®𝑣 𝑠𝑡𝑑⎷𝐽adv

| ®𝜉⌄ (139)

(106)

= −𝑖
adv®𝑣 𝑠𝑡 𝑖adv ®𝜉 𝑠𝑡

𝜎 (140)

(131)

= ⎷𝐽
adv
(𝑠𝑡 ) | [®𝑣, ®𝜉]⌄ = ⎷[𝜂𝑡 ] | [®𝑣, ®𝜉]⌄ (141)

= ⎷−L®𝑣 [𝜂𝑡 ] | ®𝜉⌄. (142)

For this to hold for all
®𝜉 ∈ 𝔛

div
(𝑊 ) we conclude that

𝜕
𝜕𝑡 [𝜂𝑡 ] +

L®𝑣 [𝜂𝑡 ] = [0]. Therefore [𝜂𝑡 ] = 𝐽
adv
(𝑠𝑡 ) evolves by coadjoint action

and therefore stays on the same coadjoint orbit. □

C.12.2 Energy Conservation. Our approach is similar to Engø and

Faltinsen [2001]. Continuing the setup of Section C.12.1, we let 𝑠𝑡 be

evolved by (136) that connects 𝑠 (n) and 𝑠 (n+1) . Let [𝜂𝑡 ] = 𝐽
adv
(𝑠𝑡 ).

By Section C.12.1 we know
𝜕
𝜕𝑡 [𝜂𝑡 ] +L®𝑣 [𝜂𝑡 ] = [0], where ®𝑣 is fixed.

Then (35) simplifies to{ [𝜂1] = exp(−𝛥𝑡 L®𝑣) [𝜂0] (143a)

®𝑣 = 1

2
IP𝔅

div

I+ ( [𝜂1] + [𝜂0]) . (143b)

The energies at frame n and n + 1 are respectively

E (n) = 1

2
|P𝔅

div

I+ [𝜂0] |2𝔅 = 1

2
∥IP𝔅

div

I+ [𝜂0] ∥2 (144)

E (n+1) = 1

2
|P𝔅

div

I+ [𝜂1] |2𝔅 = 1

2
∥IP𝔅

div

I+ [𝜂1] ∥2 . (145)

Our goal is to show that their difference is zero. Their difference, by

the difference-of-squares formula, is given by

E (n+1) − E (n) = 1

2
⎷IP𝔅

div

I+ ( [𝜂1] + [𝜂0]),IP𝔅
div

I+ ( [𝜂1] − [𝜂0])⌄
(143b)

= ⎷®𝑣,IP𝔅
div

I+ ( [𝜂1] − [𝜂0])⌄. (146)

Now, by Theorem 3.1 and ®𝑣 ∈ I(𝔅
div
), we can replace IP𝔅

div

by

P𝔛
div

I, giving us

E (n+1) − E (n) = ⎷®𝑣, P𝔛
div

II+ ( [𝜂1] − [𝜂0])⌄ (147)

= ⎷®𝑣, ♯( [𝜂1] − [𝜂0])⌄ = ⎷®𝑣 | [𝜂1] − [𝜂0]⌄ (148)

The second equality uses the fact that P𝔛
div

and II+ are 𝐿2
orthog-

onal projection operators respectively to 𝔛
div
(𝑊 ) ⊂ 𝔛(𝑊 ) and

I(𝔅) ⊂ 𝔛(𝑊 ), and ®𝑣 is an element of both subspaces.

We are left to show ⎷®𝑣 | [𝜂1] − [𝜂0]⌄ = 0. By (143a) we have

[𝜂1] − [𝜂0] = (exp(−𝛥𝑡 L®𝑣) − 1) [𝜂0] (149)

=

(
(1 − 𝛥𝑡 L®𝑣 +𝛥𝑡

2

2!
L 2

®𝑣 −
𝛥𝑡3

3!
L 3

®𝑣 + · · · ) − 1

)
[𝜂0] (150)

=

(
−𝛥𝑡 L®𝑣 +𝛥𝑡

2

2!
L 2

®𝑣 −
𝛥𝑡3

3!
L 3

®𝑣 + · · ·
)
[𝜂0] (151)

= L®𝑣

(
−𝛥𝑡 + 𝛥𝑡2

2!

L®𝑣 −
𝛥𝑡3

3!

L 2

®𝑣 + · · ·
)
[𝜂0]︸                                            ︷︷                                            ︸

=:[𝜂̃ ]

. (152)

Therefore,

⎷®𝑣 | [𝜂1] − [𝜂0]⌄ = ⎷®𝑣 |L®𝑣 [𝜂]⌄ = −⎷ [®𝑣, ®𝑣]︸︷︷︸
=0

| [𝜂]⌄ = 0. (153)

□

C.13 Proof of Theorem 4.6
The advection in (14a) is a coadjoint action, and therefore it preserves

the coadjoint orbit. The advection in (19a) preserves the coadjoint

orbit by the same argument as Section C.12.1. □

C.14 Proof of Theorem 4.7
By construction (f (n+1)−f (n) )⊥(f (n+1)+f (n) ). Therefore |f (n+1) |2

𝔅
−

|f (n) |2
𝔅

= 0. □
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